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. Abstract. We give formulae for the Ozsvath-Szabo invariants of 4-manifolds X obtained 

' by fiber sum of two manifolds Mi , M2 along surfaces Ei , E2 having trivial normal bundle and 

^ . genus g > I. The formulae follow from a general theorem on the Ozsvath-Szabo invariants 

of the result of gluing two 4-manifolds along a common boundary, which is phrased in 
CO , terms of relative invariants of the pieces. These relative invariants take values in a version 

of Heegaard Floer homology with coefficients in modules over certain Novikov rings; the 
, fiber sum formula follows from the theorem that this "perturbed" version of Heegaard Floer 

' theory recovers the usual Ozsvath-Szabo invariants, when the 4-manifold in question has 

&+ > 2. The construction allows an extension of the definition of Ozsvath-Szabo invariants 
1^ ' to 4-manifolds having — 1 depending on certain choices, in close analogy with Seiberg- 

, Witten theory. The product formulae lead quickly to calculations of the Ozsvath-Szabo 

invariants of various 4-manifolds; in all cases the results are in accord with the conjectured 
equivalence between Ozsvath-Szabo and Seiberg- Witten invariants. 

> ' 1. Introduction 

. At the time of writing, there is no example of a smoothable topological 4-manifold whose 

2 . smooth structures have been classified. Indeed, no smooth 4-manifold is known to support 

^ I only finitely many smooth structures, and in virtually every case a 4-manifold that admits 

O ' more than one smooth structure is known to admit infinitely many such structures. A 

^ ■ substantial amount of ingenuity by a large number of authors — see [18] for a brief survey — has 

been required to produce these exotic 4-manifolds, though ultimately the hst of topological 



> 



tools used in the constructions is perhaps surprisingly short. The standard approach to 



^ ' distinguishing smooth structures on 4-manifolds has been to make use of gauge-theoretic 

■ invariants, which requires an understanding of how these invariants behave under the cut- 

and-paste operations used in constructing examples. In the case of the Seiberg- Witten 
invariants, this understanding was provided by Morgan- Mrowka-Szabo [7J, Morgan-Szabo- 
Taubes [8j, D. Park [i7\, Li-Liu and many others, and the Seiberg- Witten invariants 
have become the tool of choice for studying smooth manifolds. Beginning in 2000, Ozsvath 
and Szabo |9l [TOl |TT] introduced invariants of 3- and 4-dimensional manifolds meant to 
mimic the Seiberg- Witten invariants but also avoid the technical issues that for many years 
prevented the expected Seiberg- Witten-Floer theory from taking shape. Their theory has 
been remarkably successful, and has had a number of important consequences in the study 
of 3-manifolds and knot theory. The 4-dimensional side of the story has been developed 
to a somewhat lesser extent, however, and the existing gauge-theoretic technology means it 
is still the case that Seiberg- Witten invariants are often the easiest to use in the study of 
smooth 4-manifolds. Our aim here is to develop reasonably general cut-and-paste principles 
for Ozsvath-Szabo invariants, that will be useful in a variety of situations. A central tool 
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in many constructions of exotic 4-manifolds is the normal connected sum or "fiber sum," 
in which neighborhoods of diffeomorphic surfaces are excised from closed 4-manifolds and 
the resulting complements glued together along their boundary. As an application of the 
formalism we introduce here, and as a motivating test case, we give formulae that essentially 
determine the behavior of the Ozsvath-Szabo 4-manifold invariants under fiber sum along 
surfaces of trivial normal bundle. 

To realize this goal we are obliged to introduce a substantial amount of machinery, includ- 
ing the development of Heegaard Floer homology with coefficients in certain power series 
(Novikov) rings. This can be viewed in analogy with Seiberg-Witten Floer homology per- 
turbed by a 2-dimensional cohomology class, and in many ways exhibits parallel behavior. 
It is our hope that this "perturbed" Heegaard Floer theory will be of interest in other 
applications as well. 

For the sake of exposition, we state our results in this introduction in order of increas- 
ing technicality. In particular, Ozsvath and Szabo defined their invariants initially for 4- 
manifolds M with h'^{M) > 2, and since the theory is simplest in that case we begin there. 

1.1. Constructions and statements of results when > 2. The Ozsvath-Szabo in- 
variants [m [12] are defined using a "TQFT" construction, meaning that they are built from 
invariants of 3-dimensional manifolds (the Heegaard Floer homology groups) and cobordisms 
between such manifolds. To a closed oriented 4-manifold M with b'^{M) > 2, with a spin'^ 
structure s, Ozsvath and Szabo associate a linear function 

<l>M,a: A(M) ^Z/±l, 

where A(M) is the algebra A* {Hi{M]Z) /torsion) (8> Z[f/], graded such that elements of 
Hi{M) have degree 1 and U has degree 2. This invariant has the property that $Af,s is 
nonzero for at most finitely many spin'^ structures s, and furthermore can be nonzero only 
on homogeneous elements of A(M) having degree 

(1) rf(s) = i(c?(s)-3a(M)-2e(M)), 

where a denotes the signature of the intersection form on M and e is the Euler characteristic. 
Ozsvath and Szabo conjecture [H] that $m,b is identical with the Seiberg-Witten invariant. 

We remark that there is a sign ambiguity in the definition of $m,s) so that the results to 
follow are true up to an overall sign. 

The fiber sum of two smooth 4-manifolds is defined as follows. Let Mi and M2 be closed 
oriented 4-manifolds, and suppose Sj Mj, i = 1, 2, are smoothly embedded closed oriented 
surfaces of the same genus g. We assume throughout this paper that g is at least 1 and that 
the Sj have trivial normal bundles. In this case, Sj has a neighborhood N{Ili) diffeomorphic 
to Sj X D^. Choose an orientation-preserving diffeomorphism / : Ei — E2, and lift it to an 
orientation-reversing diffeomorphism : c?iV(Si) — dN{T,2) via conjugation in the normal 
fiber. We define the fiber sum X = Mi#s^2 by 

X = (Ml \ iV(Si)) (M2 \ iV(S2)). 

In general, the manifold X can depend on the choice of 0. We assume henceforth that the 
homology classes [Si] and [S2] are non-torsion elements of H2{Mi; Z) (though the results of 
this paper can in principle be adapted to other situations). 
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To state the results, it is convenient to express the Ozsvath-Szabo invariant in terms of 
the group ring Z[if^(M; Z)]. That is to say, we write 

OSm= Y1 *M,ae'=^(^), 

seSpm=(M) 

where e'^^^®-' is the formal variable in the group ring corresponding to the first Chern class of 
the spin'^ structure s (note that Ci{s) = Ci{s') for distinct spin*^ structures s and s' iff s — s' 
is of order 2 in H'^{M] Z), so the above formulation may lose some information if 2-torsion 
is present). The coefficients of the above expression are functions on A(M), so that OSm is 
an element of Z[if^(M; Z)] (g) A(M)*. The value of the invariant on a G A(M) is denoted 
OSM{a) G Z[i72(M;Z)]. 

The behavior of $m,s under fiber sum depends on the value of (ci(s), [S]) (since ci(s) is 
a characteristic class, this value is always even when [S]^ = 0). Thus, we partition OSm 
accordingly: for an embedded surface S M with trivial normal bundle, let 

(ci(s),p]>=2fc 

The adjunction inequality for Ozsvath-Szabo invariants implies that OS'lj- = Oif|A;| > g — 1. 

The topology of fiber sums is complicated in general by the presence of rim tori. A rim 
torus is a submanifold of the form x C S x 5^, where 7 is an embedded circle on 
S. Such tori are homo logically trivial in the fiber summands Mj, but typically essential in 
X = Mi#s^2- Let 71 denote the subspace of H'^{X; Z) spanned by the Poincare duals of rim 
tori, and let p : H^{X; Z) H'^{X; Z)/n denote the natural projection. If bi G H^iMf, Z), 
i = 1, 2, are cohomology classes with the property that foi|aAr(Si) agrees with b2\dN(T.2) under cf), 
then Mayer- Vietoris arguments show that there exists a class b G H'^{X; Z) whose restrictions 
to Mj \ A^(Sj) agrees with the corresponding restrictions of bi, and furthermore that b is 
determined uniquely up to elements of 71 and multiples of the Poincare dual of E. If b, bi 
and 62 satisfy these conditions on their respective restrictions, we say that the three classes 
are compatible with the fiber sum. We can eliminate part of the ambiguity in b given (61, 62) 
by requiring that 

(2) b^ = bl + bl + 4\m\, 

where m = (61, [Si]) = (62, [S2]). With this convention, the pair (61,62) gives rise to a 
well-defined element of H'^{X;Z)/7Z (see section [10.31 for details). 

Theorem 1.1. Let X = Mi#s^2 be obtained by fiber sum along a surface S of genus g > 1 
from manifolds Mi, M2 satisfying 6+(Mj) > 2, i = 1, 2. If \k\ > g - 1 then OSx = OS%j^ = 
OS\j^ = 0. In general, we have 

(3) p (OS'M) = J2 05m, («i ® /5) ■ OSl,^{f4/3°) ® a2) ■ up,^ 

where ai G A(Mj\A^(Sj)) are any elements such that ai (8>a2 rnaps to a under the inclusion- 
induced homomorphism. 

The notation of the theorem requires some explanation. First, the product of group ring 
elements appearing on the right makes use of the construction outlined above, producing 
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elements of H^{X;'Z)/7l from compatible pairs (61,62)- The set Bk denotes a basis over Z 
for the group i/,(Sym'^(S); Z) = ^f^^A'Hi{J:) O Z[f/]/t/^-^+\ thought of as a subgroup of 
A(S), where d = g — 1 — \k\. Likewise, denotes the dual basis to Bk under a certain 
nondegenerate pairing (see section [T0.3p . The terms ai®/? and /*(/3°)®q;2 are understood to 
mean the images of those elements in A(Mi) and A(M2), using the inclusion-induced maps. 
Finally, Ufs^k is a polynomial in the variable e^^^^^ whose constant coefficient is 1, and which 
is equal to 1 except possibly in the case k = 0. 

The left hand side of ([3]) lies in the group ring of H'^{X]Z)/TZ, and its coefficients are 
"rim torus averaged" Ozsvath-Szabo invariants. That is to say, each coefficient of p{OSx) 
is a term of the form 

^x7 = E 



s'eSpin<^(X) 



A 4-manifold X is said to have (Ozsvath-Szabo) simple type if any spin"^ structure s for 
which 7^ has d{5) = 0. We have: 

Corollary 1.2. If Mi and M2 have simple type, then the fiber sum X = Mi^y.M2 has the 
property that if ^x'T ~ whenever d{5) 7^ 0. Furthermore, 

(4) p (05^=0 zf\k\<g-l, 

while 

,9-1 f^.^ _ / 0^17^(1) ■ 0^17^(1) z/a = 1 



z/deg(a) > 1. 



In other words, the fiber sum of manifolds of simple type has simple type after sum over 
rim tori. We note that equation (jl]) holds if Mi and M2 are assumed only to have A(S)- 
simple type: that is, if $M,s(tt) = whenever a lies in the ideal of A(M) generated by U 
and the image of ifi(S). 

We should remark that Taubes [I9] has shown that symplectic 4-manifolds with > 2 
have Seiberg-Witten simple type. It seems safe, therefore, to make the following: 

Conjecture 1.3. If X is a symplectic 4-i^o,nifold with b'^{X) > 2 then X has Ozsvath-Szabo 
simple type. 

Leaving this issue for now, we turn to the case of a fiber sum along a torus, where the 
product formula is slightly different. 

Theorem 1.4. Let X = Mi^j]M2 be obtained by fiber sum along a surface S of genus g = 1, 
such that Ml, M2, and X each have 6+ > 2. Let T denote the Poincare dual of the class 
in H2{X; Z) induced by [Sj], and write T for the image ofT in H^{X; Z)/7l. Then for any 
a G A(X) we have 

piOSxia)) = {T-T-'yOSMMi)-OSM,ia2) 
where ai 0:2 € A{Mi) (S> A(M2) maps to a as before. 

Here the product between OSmi and 0Sm2 uses the construction from previously, while 
multiplication with T takes place in the group ring of H'^{X;Z)/7l. 
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We will show (Proposition II 1. iT) that any 4-manifold M containing an essential torus T of 
self-intersection has A(T)-simple type, in analogy with a result of Morgan, Mrowka, and 
Szabo in Seiberg-Witten theory |7j. 

It is interesting to compare these results with those in Seiberg-Witten theory. Taubes 
proved an analogue of Theorem 11.41 in [2Dj, generalizing work of Morgan- Mrowka-Szabo [3, 
and D. Park [T7] gave an independent proof of that result. The higher-genus case was 
considered by Morgan, Szabo and Taubes [8j, but only under the condition that \k\ = g — 1. 
In this case the sum appearing in Theorem 11.11 is trivial since Bg-i = {1}, and the result 
here gives a product formula directly analogous to that of [8]. To our knowledge, no product 
formulae at the level of generality of Theorem 11.11 have yet appeared in the literature on 
Seiberg-Witten theory. 

1.2. Relative invariants and a general gluing result. The theorems above are proved as 
particular cases of a general result on the Ozsvath-Szabo invariants of 4-manifolds obtained 
by gluing two manifolds along their boundary. In its most general form, the form that is 
useful in the context of fiber sums (Theorem 11.61 below), the statement involves perturbed 
Heegaard Floer invariants. If one is interested in gluing two manifolds-with-boundary that 
both have b'^ > 1, however, the perturbed theory is unnecessary and there is a slightly simpler 
"intermediate" result. To state it, recall that the construction of the 4-manifold invariant 
$M,s is based on the Heegaard Floer homology groups associated to closed spin"^ 3-manifolds 
{Y,s). These groups have various incarnations; the relevant one for our immediate purpose 
is denoted HF~^^(Y,s). Below, we recall the construction of Heegaard Floer homology with 
"twisted" coefficients, whereby homology groups are obtained whose coefficients are modules 
M over the group ring Ry = Z[if^(y)] (here and below, ordinary (co)homology is considered 
with integer coefficients). If y = dZ is the boundary of an oriented 4-manifold Z, then such 
a module is provided by 

Mz = Z[ker {H^{Z,dZ) H'^iZ))], 

where H^{Y) acts by the coboundary homomorphism H^{Y) — > H^{Z,dZ). The intermedi- 
ate product formula alluded to above can be formulated as follows. 

Theorem 1.5. // {Z,s) is a spiif ^-i^o-nifold with connected spin'^ boundary {Y,Sy) and 
if b'^{Z) > 1, then there exists a relative Ozsvath-Szabo invariant z,s which is a linear 
function 

<iIz,.--HZ)^HF-,{Y,Sy;Mz), 

well-defined up to multiplication by a unit in Z[H^(Y)]. 

Furthermore, if {Zi,Si) and (^2,32) are two such spin"^ ^-''^(^''^'''folds with spin'^ boundary 
dZi = {Y,5) = —dZ2, write X = Z\ Uy Z2. Then there exists an RY-sesquilinear pairing 

(-,■): HF;^,{Y,5- Mz,) HF;-^,i-Y,s; Mz,) - M^.y, 

where Mx,y = Z[K{X,Y)] and K{X,Y) = kev{H^{X) H^{Zi) ® H'^iZi)). The pairing 
has the property that for any spin'^ structure s on X restricting to Sj on Zi, we have an 
equality of group ring elements: 

^x,,+h{a) = (^zi,si(tti), *Z2,S2(«2)), 

heK{X,Y) 
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up to multiplication by a unit in Z[ir(X, F)]. Here a G A(X), ai G A(Zi) and 02 G A(Z2) 
are related by inclusion-induced multiplication as before. 

To understand the term "i?y-sesquilinear," observe that Ry = is equipped with 

an involution r 1— > f induced hj h ^-^ —h in H^{Y). To say that the pairing in the theorem 
is sequihnear means that 

for geRY,ie HF;JY,s; Mz,) and 77 G HF~^{-Y,3; Mz,). 

We note that the reason for the assumption b^{Z) > 1 in the theorem above is that 
this condition guarantees that the homomorphism in HF~ induced by Z \ (which 
gives rise to the relative invariant '^z,b above) takes values in the reduced Floer homol- 
ogy HF~^^(Y,s; Mz) C HF~(Y,s; Mz). That fact in turn is necessary to make sense of the 
pairing (-, ■). In the notation of later sections, (■, ■) = (t~^(-), •) where r : HF~^ HF~ is 
the natural map; r is invertible only on the reduced groups. 

The utility of Theorem II .51 is limited somewhat by the difficulty of determining the relative 
invariants z,s in general. Furthermore, in the case of a fiber sum it is natural to hope to 
relate the relative invariants of the complement of the neighborhood S x of the summing 
surface in M to the absolute invariants of M; however the manifold S x has fe"*" = 
and it is not clear that the relative invariant is well-defined. This issue is addressed by the 
introduction of a "perturbation." 

1.3. Perturbed Heegaard Floer theory and results when b^ > 1. Let F be a closed 
oriented 3- manifold and rj G H^(Y] M) a given cohomology class. The Novikov ring associated 
to T] is the set of formal series 

subject to the condition that for each G Z, the set of (7 G H^{Y; Z) with nonzero and 
{g [Jr],[Y]) < N is finite. This means TZy,?] consists of "semi- infinite" series with variables in 
H^{Y; Z), with the usual convolution product. 

In section [8] below, we develop the theory of Heegaard Floer homology for 3-manifolds Y 
and 4-dimensional cobordisms W equipped with 2-dimensional cohomology classes rj, having 
coefficients in a module A^^ over T^y^.^. We refer to this theory as Heegaard Floer homology 
perturbed by rj. Many features of the unperturbed theory carry over to this setting with 
minimal modification, but one key simplification is that if rj is chosen "generically" in a 
suitable sense (in particular rj ^ 0), then HF°°{Y,s; J^rj) = for any 7^y,j-module A^^. In 
fact, one can arrange this latter fact to hold for any nonzero perturbation 77 by a further 
extension of coefficients: Heegaard Floer homology is naturally a module over a polynomial 
ring Z[?7], and we form a "[/-completion" by extension to the power series ring Z[[[/]]. 
The [/-completed Floer homology is written HF,(Y,s; Airi) by notational analogy with a 
similar construction in monopole Floer homology The vanishing of HF^{Y,5; Air^) 
means that HF~ {Y,s; Airi) = HF~^^(Y,S] Airi) for all such A^^, and allows us to define a 
relative invariant 



^z,.,,eHF~,{Y,5-Mz,r,) 
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that has the desired properties so long as r/jy 7^ 0. Note, however, that '^z,s,ri is defined 
only up to sign and multiplication by an element of H^{Y). We remark that if r/jy = then 
7lY,ri = Ry, and we recover the unperturbed theory. 

Now suppose that X is a closed 4-manifold, Y G X a. separating submanifold, and rj G 
H'^{X] M) a cohomology class such that either r/ly 7^ 0, or in the decomposition X = ZiUy Z2 
we have b^{Zi) > 1. (Such a submanifold Y is said to be an allowable cut for rj.) Then we 
can define the perturbed Ozsvdth-Szabo invariant associated to X, Y, 77, and a spin'^ structure 
s to be 

This invariant takes values in a module Aix,Y-v^ which is a suitable Novikov completion 
of Mx,Y introduced previously. In section [8] we show (Theorem 18.161) that if b'^{X) > 2 
then <©x,y,r?,s is in fact a polynomial lying in Mx,y, whose coefficients are the Ozsvath-Szabo 
invariants of X in the various spin'^ structures having restrictions to Zi and Z2 that agree 
with the restrictions of s. The precise statement is the following: 

Theorem 1.6. Let X be a closed oriented 4-'<^o,nifold with b'^{X) > 2, and Y G X a 
submanifold determining a decomposition X = ZiUyZ2, where Zi are connected ^-i^cinif olds 
with boundary. Fix a class rj G if^(X;R), and assume that Y is an allowable cut for 7]. If 
b^{Zi) andb'^{Z2) are not both 0, then for any spin'^ structures onX and element a G A(X), 

(6) ^x,B+t{a)e' = <i^Y,vM) = (r-'^z,,^,,(ai), ^z,,v,bM) 

t(^K(X,Y) 

up to sign and multiplication by an element of K{X,Y), where a 1 0:2 a as before. If 
b'^{Zi) = b^{Z2) = then the same is true after possibly replacing rj by another class fj, 
where fj\zi = f]\zi for i = 1,2. 

The above definition ([5]) of <i^x,Y,rf,s makes sense for any allowable pair {Y, 77) and spin*^ 
structure s, but its dependence on the choice of (F, 77) is not clear. When b'^{X) > 2 it 
follows from Theorem 11.61 that since is independent of Y and 77, so is <©x,y,r?,s- However 
when b^{X) = 1 the situation is not so simple; indeed, different choices of {Y,r]) for a given 
(X, s) can lead to different results. This situation is analogous to the chamber structure of 
Seiberg-Witten invariants for 4- manifolds with b^ = 1; partial results in this direction are 
given in section [HI 

Note that the existence of a separating 3-manifold Y G X and a class 77 G H'^{X,M.) 
restricting nontrivially to Y implies that X is indefinite, in particular b~^{X) > 1. 

We also point out a minor difference between Theorems 11.11 and 11.41 from the first section, 
and Theorem 11.61 above and Theorems 11.81 and 11.91 below. In the former results, the various 
spin'^ structures are labeled by their Chern classes, while in the latter they are identified 
in an affine way with two-dimensional cohomology classes. Thus the results in the present 
situation do not lose information corresponding to classes whose difference is of order 2, 
and to translate from results in this subsection to those in the first one we must square the 
variables. 

An immediate consequence of Theorem ll.6l is the following result on the Ozsvath-Szabo in- 
variants of a manifold obtained by gluing two 4-manifolds along a boundary 3-torus. To state 
it, note first that if Z is a 4-manifold with boundary diffeomorphic to and t] G H^{Z; M) is 
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a class whose restriction to is nontrivial then the relative invariant \E' z,s,ri is well-defined, 
and takes values in the ring IC{Z,t]) C Z[[K{Z)]], where K{Z) = keT{H^(z,dZ) H^{Z)) 
and ]C{Z,T]) is a Novikov completion of the group ring Z[i^(Z)]. (If b'^{Z) > 1 then '^z,s,r] 
lies in Z[K{Z)].) Indeed, /C(Z, 77) is precisely the perturbed Floer homology of in the 
appropriate coefficient system. Note that fC{Z, rj) can be identified with a multivariable 
Laurent series ring, which is polynomial in variables that pair trivially with rj (and some 
variables may have finite order, if there is torsion in the cokernel of H^{Z) — >■ H^{dZ)). 

If X = ZiU Z2 is obtained by gluing two 4- manifolds Zi and Z2 with boundary T^, and 
T] G iJ^(X;M) restricts nontrivially to the splitting 3-torus, then the pairing appearing in 
is naturally identified with a multiplication map 

}C{Z,,r]) ® /C(Z2, f]) Mx,T^rj C mH\X; Z)]] 

induced by the maps j* : H'^{Zi,dZi) if^(X) Poincare dual to the inclusion homomor- 
phisms. Thus Theorem 11.61 gives: 

Corollary 1.7. Let X = ZiUqZ2 he a ^-'manifold obtained as the union of two manifolds Zi 
and Z2 whose boundary is diffeomorphic to the 3-torus T^, rj G if^(X;M) a class restricting 
nontrivially to , and s a spin'^ structure on X. Then 

<i^X,T^B,v = Jr(^Zi,„,.) J2(^22,^,s)• 
/n particular ifb^{X) > 2 then 

J2 '^X,B+k = jr(^Zi,^,.) J*2i'^Z,,rj,B) 

up to sign and translation by an element of SH^{T^), where 6 : H^{T^) H'^{X) is the 
Mayer- Vietoris coboundary. 

We deduce the fiber sum formulae in Theorems 11.11 and 11.41 from the following somewhat 
more general results, which apply in particular to the situation in which Mi, M2, and/or 
X have 5"*" = 1. In each case, the perturbed invariants *l^Mi,sx5i take values in A^Afi,Exsi,r)! 
which is isomorphic to the ring C{t) of Laurent series in the variable t corresponding to the 
Poincare dual of the surface S. Each of the following is obtained by an application of ([5]), 
combined with knowledge of the relative invariants of manifolds of the form S x D^. In 
particular. Theorem 11.81 follows quickly from the fact that up to multiplication by ±t", 

where s is the spin'^ structure with trivial first Chern class and rj G H'^{T'^ x Z}^;M) has 
Jj,2V > (Proposition 110. 3|) . Note that this implies that the complement Z of a torus of 
square in a closed 4-manifold M has relative invariant satisfying 

where 77 is a class as above, and p is induced by the map Z[[if ^(Z; dZ)]] —>■ C{t) setting all 
variables other than t equal to 1. 

Theorem 1.8. Let X = Mijj^Tx=T2^2 be the fiber sum of two ^-manifolds Mi, M2 along tori 
Ti, T2 of square 0. Assume that there exist classes rji G if^(Mj;M), i = 1,2, such that the 
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restrictions ofrji to Ti x G Mi correspond under the gluing diff'eomorphism f : Ti x —>■ 
T2 X , and assume that frp Tji > 0. Let rj G H'^{X;M.) be a class whose restrictions to 
Zi = Mi\ (Ti X D^) agree with those of rji, and choose spin'^ structures Si G Spirf^Mi), 
5 G Spin'^{X) whose restrictions correspond similarly. Then for any a G A(X), the image 
of ai (S) a2 under the map A{Zi) ® A(Z2) A(X), we have 

up to multiplication by ±t" . 

In the higher- genus case we have the following. 

Theorem 1.9. Let X = Mi#Si=S2^2 be the fiber sum of two ^-f^anifolds Mi, M2 along 
surfaces Si, E2 of genus g > 1 and square 0. Let rji, t]2, rj be 2-dimensional cohomology 
classes satisfying conditions analogous to those in the previous theorem, and choose spin^ 
structures Si, S2, and s restricting compatibly as before. If the Chern classes of each spin'^ 
structure restrict toT^xS^ as a class other than 2kPD[S^] with \k\ < g — l then the Ozsvdth- 
Szabo invariants of all manifolds involved vanish. Otherwise, writing f for the gluing map 
El X 5*"^ — *• E2 X S*"^, we have 

ixSi,r)i,Bi('^l ® /3) ■ *i^M2,S2x5i,»72,S2 

up to multiplication by ±t^. 

In this theorem, {/3} is a basis for iJ*(Sym"'S), d = g — 1 — \k\, as before, and up^k is a 
polynomial in t with constant coefficient 1, which is equal to 1 except possibly if A; = 0. 

1.4. Examples. 

I. 4.1. Elliptic surfaces. For n > 1, let E{n) denote the smooth 4-manifold underlying a 
simply-connected minimal elliptic surface with no multiple fibers and holomorphic Euler 
characteristic n. In [15], Ozsvath and Szabo calculated that 0Se{2) = 1, meaning that 
^E{2),s is trivial on all spin*^ structures s with Ci(s) 7^ 0, while if Ciis) = then $_e(2),s = 1- 
We infer a posteriori that E{2) has simple type. 

In general, we have that E{n) is diffeomorphic to the fiber sum of n copies of the rational 

elliptic surface E{1) = CP^#9CP , summed along copies of the torus fiber F of the elliptic 
fibration, using the fibration structure to identify neighborhoods of the fibers. From Theorem 

II. 81 we infer that the perturbed Ozsvath-Szabo invariant of -E'(l), calculated with respect to 
the splitting along the boundary of a neighborhood of F and using a spin'^ structure whose 
Chern class restricts trivially to the complement of F, is given by the Laurent series {t — l)~^, 
up to multiplication by ±t". For other spin'^ structures the perturbed invariant vanishes. 

It is straightforward to deduce from this and Theorem 11.41 that for n>2, 

osEin) = {T- T-^y-\ 

where T is the class Poincare dual to a regular fiber. In fact. Theorem 11.41 gives this af- 
ter summing over rim tori using the homomorphism p on the left hand side. Arguments 
based on the adjunction inequality [TT| [T5]. familiar from Seiberg-Witten theory [2], show 
that only multiples of T can contribute to OSE(n) and therefore application of p is unnec- 
essary. Likewise, the only ambiguity remaining in the formula above is an overall sign; the 
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conjugation- invariance of when b^{X) > 2 due to Ozsvath and Szabo [TT] shows that 
OSE(n) must be a symmetric polynomial. 

1.4.2. Higher-genus sums. The elliptic surface E{n) can be realized as the double branched 
cover of S"^ x 5^, branched along a surface obtained by smoothing the union of 4 parallel 
copies of S"^ X {pt} and 2n copies of {pt} x S"^. The projection ni : S"^ x S"^ ^ S"^ to the first 
factor lifts to an elliptic fibration on E{n), while projection 7r2 on the second factor realizes 
E{n) as a fibration with typical fiber a surface E of genus n — 1, which can be perturbed to 
be a Lefschetz fibration if desired. Note that S intersects the fiber F of the elliptic fibration 
in two (positive) points. Let X„ = E{n)^Y:E{n) denote the fiber sum of two copies of E{n) 
along S, and suppose n > 3. We wish to use Theorem 11.11 to calculate the Ozsvath-Szabo 
invariants of X„. 

A useful observation is that E{n) has simple type by the example above. Corollary 11.21 
then shows that we can have a nontrivial contribution to p{OSx„) only when \k\ = g — 1, i.e., 
from spin'^ structures s with |(ci(s), [E])| = 2g — 2 = 2n — 4. From the preceding example 
and the fact that = 2, the right-hand side of ([3]) in the case \k\ = g — 1 is equal 

to ±1, being the product of the invariants arising from T±("-2). Since T^i^-^) is equal (up 
to sign) to the first Chern class Ci{E{n)), a convenient way to express these conclusions is 
that OSx„ = ± K~^, where K is the canonical class on X„. This formula is true after 
summing over rim tori. 

Note that X„ is diffeomorphic to a minimal complex surface of general type, and therefore 
this calculation agrees with the corresponding one in Seiberg-Witten theory 



I. 5. Organization. The first goal of the paper is to set up enough machinery for the proof 
of Theorem 11.51 To this end, the next section recalls the definition of Heegaard Floer ho- 
mology with twisted coefficients from [S] and the corresponding constructions associated 
to 4-dimensional cobordisms in [TT] . Section [3] discusses a refinement of the relative grad- 
ing on Heegaard Floer homology, available with twisted coefficients. Sections IH and M 
extend other algebraic features of Heegaard Floer homology to the twisted-coefficient set- 
ting, including the pairing mentioned in Theorem 11.51 and the action on Floer homology by 
Hi(Y; 'L)/tors which is useful in later calculations. With this machinery in place, section [7| 
proves Theorem 11.51 Section [8] defines perturbed Heegaard Floer theory, and deals with the 
extension of many of the results in preceding sections to that case; in particular Theorem 

II. 61 After making the necessary Floer homology calculations in section [HI section [TU] gives 
the proofs of Theorems 11.81 and II. 9[ and thence Theorem 11.11 and 11.41 We conclude with 
some remarks on manifolds of simple type in section [TTl 



2. Preliminaries on Twisted Coefficients 

2.1. Definitions. We briefly recall the construction of the Heegaard Floer homology groups 
with "twisted" coefficients. For more details, the reader is referred to [HI [ID] • To a closed 
oriented 3-manifold Y we can associate a pointed Heegaard diagram (S, a, /3, z) where S is 
a surface of genus g >! and a = ai, . . . , and f3 = Pi, . . . , Pg are sets of attaching circles 
for the two handlebodies in the Heegaard decomposition. We consider intersection points 
between the (^-dimensional tori Ta = ai x ■ ■ ■ x ag and = /?i x ■ ■ ■ x /5g in the symmetric 
power Sym^{T,), which we assume intersect transversely. Recall that the basepoint z, chosen 
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away from the ai and Pi, gives rise to a map Sz : TaHTis ^ Spin^iY). Given a spin'^ structure 
s on y , and under suitable admissibility hypotheses on the Heegaard diagram, the generators 
for the Heegaard Floer chain complex CF°°(Y, s) are pairs [x, i] where i G Z and x G Tq, fl 
satisfies ^^(x) = 5. 

The differential in CF°° counts certain maps u : —>■ Sym^iT,) of the unit disk in C that 
connect pairs of intersection points x and y. That is to say, we consider maps u satisfying 
the boundary conditions: 

u(e*^) G T„ for cos^ > u{i) = y 
u{e'^) G Tp for cos0 < u{~i) = x. 

For g > 2 we let 7r2(x, y) denote the set of homotopy classes of such maps; for = 2 we 
let vr2(x, y) be the quotient of the set of such homotopy classes by a further equivalence, the 
details of which need not concern us (see [D]). 

There is a topological obstruction to the existence of any such disk connecting x and 
y, denoted e(x, y) G ifi(y;Z). To any homotopy class (j) G 7r2(x, y) we can associate 
the quantity nz{4>), being the algebraic intersection number between and the subvariety 
{z} X Sym^~^{Y?). The following is a basic fact in Heegaard Floer theory: 

Proposition 2.1 ([9J). Suppose g > I and /et x, y G TcflT/j. //e(x, y) 7^ then 712 (x,y) is 
empty, while z/e(x, y) = then there is an affine isomorphism 

7r2(x,y) = Z©iJi(F;Z), 

such that the projection 7r2(x, y) —>■ Z is given by the map n^. 

We remark that if x = y, then the isomorphism in the above proposition is natural (not 
merely affine). 

There is a natural "splicing" of homotopy classes 

7r2(x,y) X 7r2(y,z) 7r2(x,z), 

as well as an action 

7r2{Sym3{j:g)) x 7r2(x,y) 7r2(x,y), 

where denotes the second homotopy group divided by the action of the fundamental 
group. (For g > 1, 7i2{Sym^{T,g)) = Z, generated by a class S with nz{S) = 1. When 
g > 2, TT'2{Sym^{T,g)) = 7i2{Sym^{T,g)).) The isomorphism in the above proposition is affine 
in the sense that it respects the splicing action by 7r2(x, x), under the natural identification 
7r2(x,x) = Z©ifi(y). 

The ordinary "untwisted" version of Heegaard Floer homology takes CF°° to be generated 
(over Z) by pairs [x, i] as above, equipped with a boundary map such that the coefficient of 
[y,j] in the boundary of [x, is the number of pseudo-holomorphic maps in all homotopy 
classes (p ^ ^2(x, y) having moduli spaces of formal dimension 1 and nz{4>) = i — j- The 
twisted version is similar, but where one keeps track of all possible homotopy data associated 
to (j). In light of the above proposition, this means that we should form a chain complex 
freely generated by intersection points x as a module over the group ring of Z © H^{Y), or 
equivalently by pairs [x, over the group ring of H^{Y). Following [TO], we define: 
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Definition 2.2. An additive assignment for the diagram (S, oc,f3, z) is a collection of func- 
tions 

^x,y:vr2(x,y)^ifi(r;Z) 

that satisfies 

(1) Ax z(0 * -^A) = ^x,y(0) + ^y,z ('«/') t^'/ienew cr G (x, y ) anc? ■?/' G 7r2(y, z). 

(2) A^,y{S * 0) = Ax,y(0) /or 5 G 7r^(^|/mnS,)). 

We will drop the subscripts from Ay^ y whenever possible. It is shown in [10] how a certain 
finite set of choices (a "complete set of paths") gives rise to an additive assignment in the 
above sense. We can also assume that Ay^^ : 7r2(x, x) = Z © H^{Y) H^{Y) is the natural 
projection on the second factor. 

Definition 2.3. Let (T,,(X, f3, z) be a pointed Heegaard diagram for Y and s G Spin'^iY). 
Fix an additive assignment A for the diagram. The twisted Heegaard Floer chain complex 
CF°°{Y,s\'L[H'^{Yy\) is the module freely generated over TJyH^iY)] by pairs [x, i], with dif- 
ferential d°° given by 

^i{<P) = 1 

where the symbol e'^^'^^ indicates the variable in Z[H^{Y)] corresponding to A((f)). 

Here Ai{(f)) denotes the space of holomorphic disks in the homotopy class 0, where "holo- 
morphic" is defined relative to an appropriately generic path of almost-complex structure on 
Sym^iTig). For such a path, A^(0) is a smooth manifold of dimension given by a Maslov index 
yu(0). There is an action of M on A^(0) by reparametrization of the disk, and A1(0) denotes 
the quotient of A1(0) by this action. When /i(0) = 1, A^(0) is a compact, zero- dimensional 
manifold. An appropriate choice of "coherent orientation system" serves to orient the points 
of in this case, and #A^(0) denotes the signed count of these points. It is shown in 

[HI [ID] that under appropriate admissibility hypotheses on the diagram (S, ck, /3, z) the chain 
homotopy type of C-F°°(y, s; Z[if ^(F)]) is an invariant of (1^, s). 

As in the introduction, in much of what follows we will write Ry for the ring Z[if^(y)], or 
simply R when the underlying 3- manifold is apparent from context. Note that by choosing 
a basis for H^{Y) we can identify R with the ring of Laurent polynomials in hiiY) variables. 

By following the usual constructions of Heegaard Floer homology, we obtain other variants 
of the above with coefficients in Ry: namely by considering only generators [x, i] with 
i < we obtain a subcomplex CF~{Y,S]R) whose quotient complex is CF+CK, s; i?), with 
associated homology groups HF~ and HF^ respectively. There is an action U : [x, i\ i— >■ 
[x, i — 1] on CF°° as usual; the kernel of the induced action on CF^ is written CF with 
homology HF{Y,S]R). There is a relative grading on the Floer complex with respect to 
which U decreases degree by 2; we will discuss gradings further in section [31 

Given any module M for Ry we can form Heegaard Floer homology with coefficients in 
M by taking the homology of the complex CF (8>_r M. In particular if M = Z, equipped 
with the action of Ry by which every element of H^{Y) acts as the identity, we recover the 
ordinary untwisted theory. 
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For use in later sections, we introduce the following notion of conjugation of -Ry-modules. 
First, observe that the automorphism x t— > —x of H^{Y) induces an automorphism Ry —>■ Ry 
that we refer to as conjugation, and write as r i— > f for r G Ry- Now if M is a module for 
Ry, we let M denote the additive group M equipped with the "conjugate" module structure 
in which module multiplication is given by 

r ® m ^ f ■ m 

for r G Ry and m G M. 

2.2. Twisted cobordism invariants. We now sketch the construction and main properties 
of twisted-coefficient Heegaard Floer invariants associated to cobordisms, which can be found 
in greater detail in ^Jj. Recall that if : Fi — I2 is an oriented 4-dimensional cobordism 
and M is a module for Ri := Ry^ = Z[H^(Yi)], then there is an induced module M(W) for 
R2 = Ry^ defined as follows. Let 

K{W) = keT{H^{W,dW) H\W)) 

be the kernel of the map in the long exact sequence for the pair {W, dW): then Z[K{W)] is 
a module for Ri and R2 via the coboundary maps H^{Yi) K{W) C H'^{W, dW). Define 

M{W) =M®R, Z[K{W)]. 

Then M{W) is a module for R2 in the obvious way. The reason for the appearance of the 
conjugate module M above has to do with the fact that the orientation of W induces the 
opposite orientation on Yi from the given one, and will be explained more fully in the next 
section. 

Ozsvath and Szabo show in pjj how to associate to a cobordism W as above with spin'^ 
structure s a homomorphism 

F^,, : HF°{Yi,5i;M) ^ HF°{Y2, 52; M{W)) 

(where Sj denotes the restriction of s to Yi, and o indicates a map between each of the 
varieties of Heegaard Floer homology, respecting the long exact sequences relating them). 
This is defined as a composition 

F^ = E°oH°o G°, 

where G° is associated to the 1-handles in W, H° to the 2-handles, and E° to the 3-handles. 
Note that the coefficient module remains unchanged by cobordisms consisting of 1- or 3- 
handle additions. Indeed, such cobordisms induce homomorphisms in an essentially formal 
way, so we simply refer the reader to [11] for the definition of E° and G° . 

Suppose that is a cobordism consisting of 2-handle additions, so that we can think 
of W as associated to surgery on a framed link L C Yi. In this situation, Ozsvath and 
Szabo construct a "Heegaard triple" (S, a, /3, 7, z) associated to W . This diagram describes 
three 3- manifolds Yq/j, Yp^ and obtained by using the indicated circles on S as attaching 
circles, such that 

Yaf} = Yi, Yg^ = ^^S^ X S"^, Yay = Y2, 

where k is the genus of S minus the number of components of L. In fact the diagram 
(S, a, (3, 7, z) describes a 4-manifold X^fj^ in a natural way, whose boundaries are the three 
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manifolds above. Furthermore, in the current situation, X^jj-y is obtained from W by remov- 
ing the regular neighborhood of a 1-complex (see [Hj). 

We can arrange that the top-dimensional generator of HF-^iYp^, Sq! ^) — ^* H'^iXp-y'-, ^) ® 
'L\U] is represented by an intersection point 9 G T/jflT^ (here Sq denotes the spin'^ structure on 
T^'^S'^ X S'^ having Ci(so) = 0). The map F° is defined by counting holomorphic triangles, with 
the aid of another additive assignment. To describe this, suppose x G Tq fl T/3, y G T/3 fl T^, 
and w G T„ nXy are intersection points arising from a Heegaard triple (E, a, /3, 7, z). Let A 
denote a standard 2-simplex, and write 7r2(x, y,w) for the set of homotopy classes of maps 
M : A — > Sym^{T,) that send the boundary arcs of A into Tq, T^, and respectively, under 
a clockwise ordering of the boundary arcs Cq,, e^, and of A, and such that 

u{ea n 6/3) = X, u(e/3 n e^) = y, u{ea H e^) = w. 

Again there is a topological obstruction e(x, y,w) G ifi(XQ,^^;Z) that vanishes if and only 
if 7r2(x, y,w) is nonempty. The analogue of Proposition 12.11 in this context is the following. 

Proposition 2.4 (tllj). Let {T,, a, f3,^, z) be a pointed Heegaard triple as above, and 
the associated ^-i^o^nifold. Then whenever e{'x,y,w) = we have an (affine) isomorphism 

7r2(x,y,w) ^Z©if2(X,^7;^) 
where the projection to Z is given by ip ^ nz{ip). 

There is an obvious "splicing" action on homotopy classes of triangles by disks on each 
corner; the above identification respects this action. 

Recall from [10\ that the basepoint z gives rise to a map 

Sz ■ Yi ^2(x,y,w) Spin''{Xai3^), 

x,y,w 

such that triangles ifj G 7r2(x, y, w) and ip' G vr2(x', y', w') have Sz{ip) = Sz{ip') if and only if 
there exist disks 0x £ 7r2(x, x'), 0y G vr2(y, y') and 0w ^ 7r2(w, w') with ip' = -^-l-^x+^y+^w 
In this case ijj and ip' are said to be spin'^ equivalent. Note that in case (S, a, (3, 7, z) describes 
a 2-handle cobordism W as previously, we can think of as a function 

Sz :Y[n2{^,e,w) ^ Sptn'^iW). 

x,w 

Definition 2.5. An additive assignment for a Heegaard triple (S, a, /3, 7, describing a 
2-handle cobordism W : Yi ^ Y2 as above is a function 

obtained in the following manner. For a fixed ipo G s^^{s), let ip = ipo + 0^/3 + 0/^7 + be 
an arbitrary element of s~^{s). Then set 

Aw{ip) = S{-Ai{(f)^p) + ^2(0^^)) 

where Ai are additive assignments for Yi and 5 : H^{dW) — * H'^{W,dW) is the coboundary 
from the long exact sequence of {W^dW) . 
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We are now in a position to define the map on Floer homology induced by W (given 
additive assignments on Yi, Y2, and W). We again refer to ^Ol IH] for the details required 
to make full sense of the following. 

Definition 2.6. For a triple (S, a, /3, 7, z) describing a 2-handle cobordism W with spirf 
structure s, we define 

F^,, : HF°{Y,,s,;M) ^ HF''{Y,,S2; M{W)), 
where Sj = s|y., to be the map induced on homology by the chain map 

= 

Here fi{ip) denotes the expected dimension of the moduli space A4{ip) of pseudo-holomorphic 
triangles in the homotopy class ip, and ij^M.{jp) indicates the signed count of points in a 
compact oriented 0-dimensional manifold. 

We should note that while the Floer homology HF°{Y,s;M) does not depend on the 
additive assignment Ay, the map Fyy^ does depend on the choice of A]y as in definition 
12.51 through the reference triangle ipQ. Changing this choice has the effect of pre- (post-) 
composing F\y with the action of an element of H^{Yi) (resp H^{Y2)), which in turn act in 
M{W) via the coboundary. Likewise the generator B is determined only up to sign, so that 
Fw has a sign indeterminacy as well. Following [11], we let [F^^] denote the orbit of F^^ 
under the action of H^{Yi) © H^iYi). 

With the conventions employed here F^^ is "antilinear" with respect to the action of Ry^, 
meaning that F^^{rC,) = f F^^{^) for r G Ry^^. 

2.3. Composition law. An advantage to using twisted coefficent modules for Heegaard 
Floer homology is the availability of a refined composition law in this situation. To describe 
this, we must first understand the behavior of the coefficient modules themselves under 
composition of cobordisms. The following lemma will be useful in formulating results to 
come; as usual, ordinary (co)homology is taken with integer coefficients. 

Lemma 2.7. Let W = Wi Uy^ W2 be the composition of two cobordisms Wi : Yq ^ Yi and 
W2:Yi^Y2. Define 

K{W, Fi) = ker[pi © : H^W, dW) H^Wi) © H\W2)], 

where pi denotes the restriction map W^iW^dW) — > H'^(Wi). Then 

Z[K{Wi)] ©z[//Mn)] miW2)] = Z[K{W,Y^)] 

as modules over Z[H^{Yq)] and 'L[H^(Y2)\. 

Proof. We have 

nKiWr)] ©z[Hi(n)] nK{W2)] = Z 



K{Wi)®K{W2) 
H\Y,) 
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SO the claim amounts to exhibiting an isomorphism 

A'(U\)eA'(U2) 



To see this, consider the diagram 



K{W,Y,). 



f 

H\Yi) — - H\Wi, dWi) © H\W2, dWi) H\W, dW) 



Pi © P2 

H\Wi)®H\W2), 

where the horizontal row is (the Poincare dual of) the Mayer- Vietoris sequence. Write 

I, : H\Wi, dWi) H\W, dW) and : H\W2, dW2) ^ H\W, dW) 

for the components of /; then it is not hard to see that 

pioi,: H\Wi, dWi) H\Wi) and p2 o : H\W2, dW2) ^ H\W2) 

agree with the maps induced by inclusion, while 

P2oi* = and pi o = 0. 

From this it is easy to deduce that f~^{K{W, Yi)) = K (Wi) (B K {W2) , from which the lemma 
follows. □ 

Remark 2.8. IfW is a cobordism between homology spheres, or more generally ifH'^{W, dW) 
H'^{W) is an isomorphism, then there is an identification 

K{W,Yi) = keT[H\W) H\Wi) ® H\W2)], 

the kernel of the restriction map in the ordinary Mayer- Vietoris sequence in cohomology. 
In this case if Si and S2 are spin'^ structures on Wi and W2, then K{W,Yi) parametrizes 
spin^ structures s on W such that s\wi — Si (when that set is nonempty). In the case of a 
closed 4-manifold X , the module Mxy of the introduction is simply ZlKiW, Y)] where W is 
obtained from X by removing a 4-ball on each side ofY. 

When regarding as a single cobordism the group relevant to twisted coefficient modules 
is K{W), while if = Wi U W2 is viewed as a composite the coefficient modules change 
by tensor product with the group ring of K{W,Yi) (in light of the lemma above). By 
commutativity of the diagram 

H'^{W, dW) H\W) 




H\Wi)®H\W2), 

there is a natural inclusion t : K{W) — > K{W, Yi). This gives rise to a projection map 

n : Z[K{W,Yi)] Z[K{W)], 
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namely (c.f. [TT] ) 

Yi( 1") — i if w = l(v) for some v 
1^ otherwise. 

Thus, if M is a module for Z[iJ^(lo)] we obtain a map 

Um : M(l^i)(Vr2) ^M(Vr) 

by tensor product of the identity with 11 under the identifications 

M{W,){W2) = M(^^[HHYo)] nK{W,Yi)] and M{W) = M^^[hhyo)] ^KiW)]. 

The refined composition law for twisted coefficients can be stated as follows. 

Theorem 2.9 (Theorem 3.9 of [llj). Let W = WiUy^ W2 he a composite cobordism as above 
with spiff structure s. Write Si = s\wi- Then there are choices of representatives for the 
various maps involved such that 

More generally, if h & H^{Yi) then for these choices we have 

where Sh is the image of h under the Mayer-Vietoris coboundary H^(Yi) H'^{W). 

We should also remark that for a cobordism W : Yi ^ Y2 with spin'^ structure s the map 

F^,, : HF°{Yi,s,;Z) ^ HF°{Y2,S2;Z) 
in untwisted Floer homology can be obtained from the twisted-coefficient map 

HF°{Y,,Si;Z) ^ HF°{Y2,52;Z{W)) 

(here Z{W) is the module M{W) with M = Z, namely Z{W) = Z ®z[m{Y^)] Z[K{W)] = 
Z[keT{H'^(W,Y2) — > H'^iyV))]) by composition with the map e* induced in homology by the 
homomorphism 

e : Z{W) Z 

of coefficient modules that sends each element of ker(if^(W^, Y2) —>■ H'^{W)) to 1. 

3. Refined relative gradings 

The Z-coefficient version of Heegaard Floer homology is naturally a relatively cyclically 
graded theory, in general. This means that if 5 = {[x, z] | Sz{^) = s} denotes the natural 
generating set for CF°°{Y,5; Z) then there is a map 

gr : 5 X 5 ^ Z/c)(s)Z, 

where 

(7) 0(s) = gcd{(ci(5), h)\he H2{Y- Z)} 

is the divisibility of ci(s) (or by abuse of language, of s itself). The differential in has 
degree —1 with respect to this grading, while the endomorphism U has degree —2. 

In the case of fully twisted coefficients (coefficients in Z[if^(y)]), Ozsvath and Szabo [S] 
observe that there is a lift of this cyclic grading to a relative Z-grading. Here we provide an 
extension of this construction to Floer homology with coefficients in an arbitrary (graded) 
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module M, in which elements of H^{Y) C Ry are explicitly assigned nontrivial degrees 
depending on their Chern numbers. That the action of such elements on fully-twisted Floer 
homology shifts degree by their Chern numbers is implicit in the definition given in [TO] . 

Definition 3.1. Fix a closed, oriented, spiif 3-manifold {Y,s). Define the s-grading of 

Z[H\Y)] by 

(8) gi^{x) = -{ci{3)Ux,[Y]) forxeH\Y). 

The s-grading makes Z[iJ^(y)] into a graded ring, isomorphic to a multivariable Laurent 
polynomial ring in which the variables have degrees determined by their negative Chern 
numbers ([8]). When thinking of Z[H^{Y)] as a graded ring, we write it as Ry,s just Ry- 
It is important to recognize that this grading depends on both the spin'^ structure s and 
the orientation of Y, though we usually do not include s in the notation. In particular, if 
—Y denotes the 3-manifold Y with its orientation reversed, then although Ry^ = R-y^s as 
sets, the gradings have opposite sign. On the other hand, the conjugation homomorphism 
c : r \—>- f induces an isomorphism of graded rings c : Ry^^ — > R-y^s- 

Definition 3.2. Let (S,q;,/3, z) he a marked Heegaard triple describing the 3-manifold Y. 
Fix a spin'^ structure s for Y and an additive assignment {Ax,y} for the diagram. The relative 
Z grading between generators [x, i] and [y,j] forCF°{Y,S]Ry) is defined by 

(9) gr([x, z], [y, j]) = /i(0) + 2(z - j) - 2n,(0) - (ci(5) U [Y]), 

where (j) is any element 0/712 (x, y). More generally, ifri, r2 G Ry are homogeneous elements, 
then we set 

gr(ri ■ [x,z], r2 ■ [y,j]) = gr([x,z], [y,j]) +gr^(ri) - gT^{r2). 

It is not hard to check that the expression is independent of the choice of G vr2(x, y), 
and that the differential in CF°°{Y,S] Ry) has relative degree —1 with respect to the above 
grading. 

Now suppose M is a module for Ry, which is equipped with a grading grj^,^ satisfying 

(10) grjvf (r ■ m) = gr^{r) + grAj(m). 

(Here we suppose Ry is equipped with the 5-grading induced by some s G Spin'^{Y).) Then 
the twisted Floer complex CF{Y,s;M) = CF(Y,s;Ry) M naturally carries a relative 
Z grading given by 

gr(mi [x,i],m2 [y,j]) = gr([x,i], [y,j])+gT^.j{mi) -gr^^(m2), 

inducing a relative Z grading on the Floer homology with coefficients in M. 

More generally, if (|TOl) holds modulo some integer ci G Z, we obtain a relative Z/rfZ 
grading on CF{Y,s; M). For example, taking M = Z to be the trivial i?y-module supported 
in grading 0, we have for n G Z and r G H^(Y), 

gr^,^(r ■ n) = grj^,^(ra) = while gT^{r) + giMin) = -(ci(s) U r, [Y]). 

Thus f lip I) holds modulo the divisibility 0(s) of 5; in particular, the "untwisted" Floer complex 
CF{Y,S] Z) carries a relative cyclic grading by Z/0(s)Z. 

In light of these observations, henceforth we will assume that all modules for Ry are 
graded, and often omit this assumption from statements. In particular, we will suppose that 
(fTOl) holds at least modulo some d G Z. 
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That the homology of CF°{Y,s; M) is an invariant of {Y,s) follows by verifying that the 
arguments in [9l [10] respect the grading described here, together with the following. 

Lemma 3.3. The chain complex CF°°{Y,5;M), equipped with the relative grading defined 
above, is independent of the choice of additive assignment up to graded chain isomorphism. 

Proof. Suppose Ai and A2 are two additive assignments satisfying the criteria at the be- 
ginning of the previous section, and let {6'x € 7r2(xo,x)} be a complete set of paths for the 
spin^ structure s. That is, xq is a fixed intersection point with Szi'Xo) = s and 6'x is some 
choice of homotopy class for each x G s~^{s). Define a homomorphism F : CF°°{Y, s, Ai) — >■ 
CF°°(y, s, A2) between the chain complexes constructed with the two choices of assignment, 
by the formula 

F([x,«]) =e^^(''')-^^('-)[x,z]. 

Then 

y,4> 

while 

Now, for i = 1,2 and given G vr2(x, y), we have Oy^* cf) = 9y * for a periodic domain 
'Piji £ 7r2(y, y) (up to addition of a multiple of the sphere class [5], which does not affect the 
value of the additive assignment). Therefore by additivity 

(11) ^.(^x) + A,{ct>) = A,{ey) + H{V^) 

where H{V^) G H^iY;Z) is the cohomology class corresponding to V^. It follows that the 
group ring elements appearing in the previous expressions are equal, so that F is a chain 
map. Since F is clearly an isomorphism of i?y-modules, we get that CF°°{Y,s, Ai) and 
CF°°{Y,5,A2) are isomorphic as ungraded i?y-chain complexes. 
To see invariance of the relative gradings, we calculate that 

gr^^(F([x,z]),F([y,j])) = gr^^([x,z], [y,j])+gTM2{e.) - A(^x)) - gr^iA^iOy) - ^(0^)) 

= /i(0) + 2(2 - j) - 2nM - (ci(s) U ^2(0), [Y]) 

-{c^{5)U{A2i9^)-A^{9^)),[Y]) 

+ (ci(s)U(A2(0y)-Ai(ey)),[F]) 
Applying the identity ([TT]) twice, this easily reduces to gr ([x, z], [y, j])- □ 

We now show that one can always work with relatively Z-graded Floer homology (rather 
than groups with a finite cyclic grading) if the coefficient module and spin^ structure are 
induced by a cobordism from to Y. To do so we spell out the notion of a conjugate 
module in the current, graded, context. As usual, if Y is an oriented 3-manifold then —Y 
denotes the same manifold with the opposite orientation. 

Definition 3.4. Suppose M is a graded Ry-module. The conjugate module M is the graded 
R-Y module whose underlying graded group is the same as M , hut whose multiplication is 
given by 

r ® m ^ f ■ m, rG i?_y. 
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It is clear that if ffTOj) is satisfied for M as a graded i?y-module (modulo d), then the same 
is true for M graded R-y module. 

Proposition 3.5. Suppose W : —>■ Y is an oriented cobordism with spin^ structure Sw, 
and M{W) is the induced module for Ry ■ Then M{W) carries a natural grading induced by 
Sw that is compatible with the s-grading on Ry in the sense of ( JTOl) . where s is the restriction 
of Sw to Y. In particular, H F° {Y, s; M (W)) carries a relative Z grading. 

More generally, if W : Yi Y2 is an oriented cobordism with spin^ structure Sw whose 
restrictions to Yi and Y2 are Si and 82 respectively, and M is a module for Ry^ satisfying ffTOl) 
modulo d, then the induced module M{W) carries a grading induced by Sw o,lso satisfying 
ffTOl) modulo d. 

Proof. Observe first that since dW = —Yi ]J Y2, we should most naturally consider Z[K{W)] 
as a module for i?_y, and Ry,. Recall that M{W) = H ®r_^^ 'L[K{W)\, where K{W) = 
ker {H^{W, dW) H\W)). Define giw ■ K{W) ^ Z by 

gT^{k) = -{c,{sw)Uk, [W,dW]), 

and use this to impose a grading gr^ on Z[i^'(Vr)]. We claim that this grading respects 
the action by R-y-^ and Ry,, where the latter are equipped with gradings coming from the 
restrictions of Sw- To see this, it suffices to note that the actions of R-y^ and Ry, on 
Z[K{W)] are induced by the coboundary maps 6i : H^(Yi) K{W), and that 

ci{sw) U 5ir = 6i{j*ci{sw) U r) = 6i{ci{Si) U r) 

where ji : Y^ W, i = 1,2 are the inclusions of the boundary components. Hence for 
r E H\Y^), 

{ci{sw)y^5ir, [W,dW]) = (ci(5i)Ur, [-Y^]) 
and correspondingly for elements of H^(Y2). □ 

4. Pairings and Duality 

In [TT] , Ozsvath and Szabo defined a pairing 

(-,■) : HF+{Y,s;Z)® HF-{~Y,5;Z) ^ Z 

on Floer homology, with respect to which cobordism-induced maps satisfy a certain duality. 
Here we extend this pairing to Floer homology with twisted coefficients and prove a corre- 
sponding duality; throughout we use the ring Ry and modules M that are graded via some 
choice of spin^ structure on Y as in the previous section. 

Recall that if (S, ex, f3, z) is a pointed Heegaard diagram for Y , then (— S, ex., f3, z) describes 
the oppositely-oriented manifold —Y, and the map Sz is invariant under this change of 
orientation. 

Definition 4.1. Define a pairing 



(-,■) : CF^{Y,s-Ry) CF-(-F,s;i?_y) Ry 
as follows: for generators [x, i] G CF'^{Y,S]Ry) and [y,j] G CF°°(— "K, s; i?_y) set 



(12) ([x,^],[y,j]) 



1 z/ X = y and j = —i — 1 
otherwise. 
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The desired pairing is obtained by extending by Ry-linearity. 

We must check that this definition has the desired properties: 
Lemma 4.2. For any ^ e C {Y, s; Ry) , V ^ CF°°{-Y,S]R_y), we have 

Proof. This is much hke the proof of the corresponding fact in untwisted Floer homology 
but we must be more careful with the coefficients. Observe that composition with the 
reflection r : —>■ across the real axis gives a map 7r2(x, y) — > 7r2(y,x) that exchanges 
J-holomorphic disks in Sym^iY?) with — J-holomorphic disks in Sym^ {—Y?}] in other words 

A^_s(0or) = Mt.{<P) 

for G 7r2(x,y). 

Furthermore, if Ay is an additive assignment for (S,q;,/3, 2;) then we can think of Ay as 
also giving an additive assignment A_y for (— S, ck, /3, 2). For G 7r2(x, y) we have that 
* (0 o r) is homotopic to a constant map, from which it follows that 

A_y(0or) = -Ay{<P). 

Since (0) = n~^{(f) or), we have 

5°°[y,j] = E #-M-E(0)[w,j-n;^(0)]®e^--W 

</'G'r2(y,w) 

#AT_E(0or)[w,j-n;^(0or)]®e^-^(^°") 

^G7r2(w,y) 

= #'^s(0)[w,j-nf(0)]®e~^-(^). 

^£772 (w,y) 

From this it follows (using the conjugate module structure on the second factor) that 
([x,^],9-[y,j]) = #M0)e^-('^^ 

(j) e 7r2(x,y) 
= 1 

= (9-[x,^],[y,j]). 

The first claim of the lemma follows from this, while the second is obvious. □ 

Thus we obtain a pairing on homology 

HF^iY, s; Ry) HF-{-Y,5; R^y) Ry 

that descends to the reduced homologies. 

More generally, suppose M and N are (graded) modules for Ry and R-y, respectively: we 
can extend the construction above to a pairing between HF^[Y,s; M) and HF~{—Y,S] N). 
To this end, define 

(-, ■) : CF^{Y, s; M) CF°-{-Y,s; N) ^ M ^r^N 
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on generators by 

([x,i] Om, [y,j] (g)n) = ([x,i], [y,j]) ■m®n, 

where the pairing on the right is the universal one just defined. It follows from the calculation 
above that the pairing descends to homology: 

HF+{Y, s; M) HF-{-Y,3;N) ^ M N. 

We can now give the analogue for twisted coefficients of Theorem 3.5 of [H]. 

Theorem 4.3 (Duality for twisted coefficients). Let W : Yi Y2 be a cobordism and Mi 
and M2 coefficient modules for Ry^ and R-Y2 respectively. Write W for the manifold W 
regarded as a cobordism —Y2 —Yi, and let s be a spin^ structure on W with restrictions 
5i = s|y.. Then for any ^ G HF'^{Yi,3i; Mi) and 1] G HF~{—Y2,S2; M2), we have 

Observe that the two pairings in the theorem above take values in 
Mi{W) ®R^^ M~2 = Mi Z[K{W)] ®R^^ M2 

(for the right hand side) and 

Ml ®R^^ M2{W) = Ml Z[K{W)] ^R^^ M2 = Ml ^R^^ Z[K{W)] ®r_^^ M2, 

(for the left). Thus the two target groups are identical (with conjugate module structures), 
and the equality of the theorem makes sense. 

Proof. We adapt the proof from [Tl] . Decompose W into a composition of 1-handle additions, 
followed by 2-handles and then 3-handles. The verification of duality for 1- and 3-handle 
cobordisms is unchanged from the untwisted case given in [11], so we omit it here. 

Assume, then, that is a cobordism comprised entirely of 2-handle additions. Let R 
denote the refiection of the standard 2-simplex A that fixes one corner and exchanges the 
other two. Specifically, if the edges are labeled Ca, cp and e^, we take R to exchange ep and 
e-y while reversing e^. If Aw is an additive assignment for a Heegaard triple (E, a, /3, 7, 2;) 
associated to W as in Definition 12.51 (using a base triangle ipo), then we obtain an additive 
assignment Ay/i for W (described by the triple (— S, ck, 7, /3, z)) from the triangle ipQ o R. 

More generally, for any (homotopy class of) triangle tp G 7r2(x, y, w), precomposition with 
R gives a triangle ip o R E 7r2(w, y, x). Moreover, ii ip = + (pais + (pp-y + 0^7 then it is easy 
to see that 

'ipoR = 'ipQoR + {(pa^ o r) + (p^p + {(pap o r), 
where r is the refiection across the real axis used previously. Therefore 

Aw>{ip oR)= (5(-A_y2(0c.7 o r) + A_y^(0c./3 ° r)) = Awii') 

(c.f. the proof of Lemma [4. 2p . Furthermore, just as in the case of disks we have an identifi- 
cation 

M-^i^PoR)=MJ:iiJ). 
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Thus for rrii G M-i: 

(Fw.,,([x,i]mi),[w,A:]m2) = ( ■ [v, i - n,(^/')]mi ® e^'^^^^ [w, A;]m2 



'i/'€vr2(x,0,w) 

an element of Mi{W) M2. On the other hand, 

{[x,i]m^,Fw',,{[^,k]m2)) = l[x,i\mi, ^ #A<_s(V^) ■ [v, z - n,(V^)]m2 ® e^^'(^) 

^/^ G7r2 (w,©,v) 

i/'G7r2(w,6,x) 

#^ -s (V^ o i?) . mi ® (ma ® e^^' (^"^^ ) 
^ #A^s(V')-mi®(m2®e^'^('^)) 

i/'£7r2 (x,0,w) 



in Ml (g) M2(iy). □ 

5. Action of First Homology 

In this section we extend to twisted coefficients an additional aspect of the algebraic 
structure of Heegaard Floer homology, namely the action of A*{Hi{Y) /tors) on HF°{Y,3). 
We also discuss the interaction of this structure with cobordism-induced homomorphisms. 
Much of this section is a straightforward generalization of material from [9l [TOl Hi] , so we 
omit many of the details. 

Proposition 5.1. Fix an oriented spin'^ 3-manifold {Y,3) and a module M for Ry = 
Z[iJ^(y)]. Then for any h G HiiY) /tors there is a chain endomorphism Ah ofCF'^{Y,S] M) 
of degree —1, equivariant with respect to U and the Ry action, with the property that Ah°Ah 
is chain homotopic to 0. 

Thus, the collection of maps Ah provides HF°{Y,s; M) with the structure of a module over 
Ry[U]®A*{Hi(Y)/tors). 

Proof. For a generator [x, i] ® m G CF°^(y, s; M) we set 

A([x,z]®m)= Y E i^^M{<P){Ai<P),h)-[y,t-n,{<P)]0e^^'f'^-m. 

Then the proof that Ah is a chain map whose square is trivial in homology is virtually 
identical to the proof in the untwisted case (c.f. Proposition 4.17 of ^), and it is straight- 
forward to check that the action of Ah on homology is independent of the choice of additive 
assignment A (c.f. the proof of Lemma 13.31) . □ 
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We will omit the map Ah from the notation and simply write h.^ for the action of h on 
the element ^ G HF°(Y,S] M). 

Remark 5.2. Though the action of HiiY) /tors is defined for Floer homology with any 
coefficients, it may he largely trivial. Indeed, suppose M is an Ry-module, and let Zm C 
H^{Y) denote the stabilizer of M: that is, the set of all a G H^{Y) such that am = m for 
all m G M. Then it can be shown that if h E Hi(Y) has the property that 

{a,h) = for all a G Zm 

then Ah is chain homotopic to 0. In particular, this implies that the Hi(Y) /tors action on 
the fully twisted homology HF°{Y,s; Ry) is trivial. 

Lemma 5.3. Let {Y,s) be as above, and let M and N be modules for Ry and R^y respec- 
tively. Then for any h G Hi{Y) /tors, any ^ G HF^{Y,S] M) and any rj G HF~{—Y,s; N) 
we have 

Proof. This follows from a calculation very similar to the one in Lemma I4.2[ Indeed, the 
only difference is the appearance of the factors /i), which change sign under orientation 

reversal. □ 

We now extend the twisted cobordism invariants from the previous section to include the 
action of first homology. Specifically, for a cobordism W : Yq ^ Yi me wish to define F\y,s 
as a map 

(13) F^,, : HF°{Y,,5o-^M)®A*H^{W)/tors HF°{Y^,Sr-M{W)). 

With the preceding in place the definition runs precisely as in the untwisted case in [TT] : 
we summarize the construction. 

Suppose first that 1^ : Fq — ^ is a cobordism consisting only of 2-handle additions. Then 
it is easy to see that the map 

i* = io* - iu ■ Hi{Yo)/tors © Hi{Yi)/tors Hi{W)/tors 

is surjective. Fix h G Hi{W)/tors and suppose h = z*(/io, hi). For ^ G HF°{Yq,So; M), we 
set 

(14) ^h) = F^,,(/io.O - h.F^^^iO- 

Clearly F^^^{{^ ^ h) h) = 0, so the action extends to A*Hi{W)/tors. 

In fact, we can define this action using a Heegaard triple (E, ck, /3, 7, 2;) describing the 
cobordism, just as in Lemma 2.6 of [llj. It follows as in that proof that the action of 
pairs {hQ,hi) in the image of H2{W,dW,7j) is trivial, so the action descends as claimed to 
Hi{W)/tors. 

In general for a cobordism containing 1-, 2-, and 3-handles we write the induced homomor- 
phism as a composition F^ = E°oH°oG° as in section [221 This composition corresponds to 
a factorization W = Wi U W2 U where Wi includes only handles of index i. As observed in 
jllj . the inclusion induces an isomorphism Hi{W2) —>■ Hi{W); thus for uj G A*Hi{W)/tors 
we set 

F^(e®o;) = E°(if°(G°(0®^)) 

just as in [llj . 



PRODUCT FORMULAE FOR OZSVATH-SZABO 4-MANIFOLD INVARIANTS 



25 



Many properties of the extended cobordism maps f[T3|) follow from corresponding proper- 
ties of the original ones. We mention two results here. 

Theorem 5.4. Let W : Yq Yi be a cobordism with spirf structure s and suppose uj G 
K*Hi{W) /tors. Write Si for s\Yi Then for modules M and N over Ryq and R^Yi respectively, 
and for any x G HF^{Yq,So; M) and y G HF~{—Yi,Si;N), we have 

®uj),y) = {x, F^,^^{y ®uj)). 

Proof. Assume first that W consists of 2-handles only, and suppose h G Hi{W)/tors has the 
expression h = i^.{hQ,hi) for hi G Hi(Yi)/tors. Then using the duality theorem for twisted 
coefficients (Theorem 14. 3p and Lemma 15.31 we have 

= {F+^^{ho.x)-h,.F+/x),y) 

= -{x, ho.F^,^^{y)) + {x, F^,^^{hi.y)) 

It is a simple matter to extend to general cobordisms and general u. □ 

Theorem 5.5. The composition law (Theorem \2.!J\) holds for the extended maps f[T5]) . More 
precisely, suppose W = Wi Uy^ W2 is a composite cobordism and write 

j; : A*{Hi{Wi)/tors) ^ A*{Hi{W2)/tors) ^ A*{Hi{W)/tors) 

for the surjection induced on exterior algebras by the Mayer- Vietoris map Hi{Wi)(BHi{W2) — ^ 
Hi[W). Fix uji G A*Hi{Wi) /tors and write uj for the image of Ui uj2 under j^,. Then for 
any spin'^ structure s on W , we can find choices of representatives for the maps F° such that 
for any a G H^(Yi) 

Fk^-sAi ®u:) = Ilw [Fw.Aw, ■ ® ^1) ® ^2) 

Proof. This follows from Theorem 12.91 together with the formal properties of the ifi-action, 
particularly f|T^ in the case of 2-handles. (See [11], particularly Proposition 4.20. Note 
that here the strengthened composition law means that summing over spin^ structures is 
unnecessary.) □ 

6. Conjugation and orientation reversal 

As in the original Heegaard Floer theory, there are simple relationships between the twisted 
Heegaard Floer homologies of {Y,a), (— Y", 5), and {Y,5), where s is the conjugate spin'^ 
structure. To describe the effect of spin'^ conjugation, recall that though we normally do not 
include it in the notation, the ring Ry depends on s through the grading ([H]), and here we 
write Ry^s to indicate this. Thus Ry,s and Ry^s are identical rings with opposite gradings; 
in fact Ry^s = R~y,s as graded rings. In particular, if M is a graded module for Ry,s, the 
conjugate module M can be considered either as a module for R-y,s ot for Ry,s- 

Theorem 6.1. // {Y,s) is a closed spin^ 3-manifold and M is a module for Ry,b, then there 
is a grading-preserving isomorphism of RY,s-''^odules 



J : HF°(Y,5;M) ► HF°(Y,s; M). 
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Proof. We mimic the argument in the untwisted case [TO]. Recall that if [Ti, oc, (3, z) is a 
Heegaard diagram for Y and x G fl has ^^(x) = 5, then (— S,/3, a, z) also describes 
y, and in this diagram ^^(x) = s. If {ylx,y} is an additive assignment for (S, a, /3, 2;), then 
we obtain an assignment A' for (— S, /3, a, 2;) by y4^y(0) = — Ax,y(0 o /), where / is the 
reflection across the imaginary axis in C. 

Define a homomorphism J : C F°{Y,s; Ry,b) CF°{Y,S] Ry,b) by mapping [x, i] in the 
diagram (E, a., (3, z) to [x, i] in the diagram {—T,, (3, ex., z) and extending by 
antilinearity. Then it is a straightforward exercise to check that J is a chain map pre- 
serving relative gradings, recalling that A^_s(0 o /) = n~'^{(j) o /) = n^(0), and 
o /) = /xs(0)- In general, 

is given by [x, i] ®m y-^ [x, i] ®m. Since this is an antilinear chain isomorphism, the statement 
of the theorem follows. □ 

It is not hard to generalize the the naturality of cobordism-induced maps under conjugation 
to the twisted case. 

Before describing the effect of orientation reversal, we pause to spell out our duality 
conventions. Let M be a graded i?y^g-module, and set 

CF;(y,s;M) =Homfi,^(CF:(r,s),M), 

made into an i^y^-module in the obvious way. For the grading, suppose a, /5 G CF*{Y, s; M) 
are homogeneous (as homomorphisms between relatively graded -Ry^g- modules). Set 

gr^p.(Q;,/?) = grA^(a(/)) - giM{P{g)) - gicpSf^a) 

for any homogeneous f,g& CF^,{Y,5) with a{f) and (3{f) nonzero in M. Thus, for example, 
gT(.p,{ra, a) = gT^{r) for r G Ry,s- 

Observe that there is a natural generating set for CF^(Y, s; Ry,s)- Namely, for a generator 
[x,i] G CF^iX^s), define [x,i]* : CF^{Y,s) Ry,, by setting [x,2]*([y,j] ® r) = r if 
[y^j] = and otherwise. Since CF'^{Y,s) is a free complex over Ry,si elements of 

CF^{Y,5\ M) can be expressed as combinations of elements of the form [x, «]* ® m, whose 
value on [y,j] is [x, i]*([y, j]) ■ m. 

In terms of these generators, the coboundary in CF* can be expressed explicitly by 

5([x,i]*®m)= #AT(0)[y,i + n,(0)]*®e^('^)m. 

06T2(y,x) 
m{<A)=1 

With the grading conventions outlined above, we have 

grc^.(y)([x,i]*, [y, j]*) = -gr^p^(y)([x,i], [y,j]). 

Observe that with these conventions, the codifferential has degree —1, i.e., CF^{Y,5\ M) is 
a chain complex rather than a cochain complex. Likewise, the transpose action of U given 
by U : [x, i]* ^ [x, i + 1]* decreases grading by 2. 

Theorem 6.2. For (F, s) a closed spirf 3-manifold and M a module for Ry,s, there is a 
grading-preserving isomorphism of RY.s-fnodules 



HF^{Y,s; M) ^ HF^{-Y,s; M). 
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Proof. Just as in the proof in [TU], define a homomorphism CF°{Y,s; M) CF*{~Y,s; M) 
by [x, i] ® I— > [x, — 1 — ?]* ® m, where on the right we consider m as an element of M. One 
checks easily that this gives rise to a Z[i7^(y)]-antilinear chain isomorphism that preserves 
relative grading. □ 

7. Invariants for 4-manifolds 

We briefly recall the definition of Ozsvath-Szabo 4- manifold invariants from [11], and then 
proceed to discuss their calculation in the context of 4-manifolds obtained by gluing two 
manifolds with boundary. 

Suppose X is a closed 4-manifold having b^{X) > 2. Then we can find an admissible cut 
for X: that is, a hypersurface N G X separating X into components X = Vi Uat V2 with the 
following properties: 

(1) For i = l,2, we have b+{Vi) > 1. 

(2) The image of the Mayer- Vietoris map 6 : H-^lN) — > H'^{X) is trivial. 

As observed previously (Remark 12.81) . the second condition ensures that spin'^ structures on 
X are determined by their restrictions to Vi and V2. 
The first condition is relevant because of the following. 

Lemma 7.1 ([H])- If W is a cobordism having b~^{W) > 1 then for any spin'^ structure s 
and in any coefficient module, the map vanishes. 

Recall that for all sufficiently large integers r, the subgroups ker(f/I) C HF^{Y,s) and 
im(f/^) C HF^{Y,s) are independent of r (where U± denotes the action of U on HF"^). 
The reduced Floer homology groups are defined by HF^^^(Y,s) = ker(f/I) and HF^^^{Y,s) = 
coker([/^). From the long exact sequence 

> HF°° (y, s) — > HF+ {Y,s) ^ HF~{Y,5) — 

and the fact that U is an isomorphism on HF°° we see that Lemma 17.11 implies that the 
image of F^^ for W a cobordism with b~^{W) > 1 lies in HF~^^, while F^^ factors through 
HF^^. Note also that the homomorphism r in the sequence induces an isomorphism 

t:HF;'JY,5)^HF~,{Y,b). 

(All of the above holds in any coefficient system). 

Definition 7.2 ([H]). Let 0^ denote a top-degree generator of HF^{S^). Let N be an 
admissible cut for a 4-iTT'anifold X as above, and fix a spin'^ structure s on X. The Ozsvath- 
Szabo invariant of{X,s) is the integer-valued function 

$x,s : A(X) := Z[U] O A*{Hi{X)/tors) — >Z/±1 

defined by 

$x,.(f/" (S)uj) = ((F+ o o F^J([/" . e- ® u), 

Note that $x,s is defined only modulo a sign, due to the sign ambiguity of the maps 
associated to cobordisms. 
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Remark 7.3. As a slight abuse of notation, if Z is a ^-i^cinifold with one boundary com- 
ponent Y, and s is a spin'^ structure on Z, we will denote by ^ the homomorphism 
HF°{S^) HF°{Y) induced by the cobordism obtained by removing a 4- ball from the inte- 
rior of Z . 

Remark 7.4. It follows from the formula for the degree shift induced by a cobordism that 
^x,s is nonzero only on elements of A{X) having degree (i(s), where 

rf(5) = ^(c?(5)-2e(X)-3a(X)). 

Here e{X) is the Euler characteristic of X and (j{X) is the signature, and A(X) is graded 
so that U carries degree 2 and elements of Hi{X) /tors carry degree 1. 

Ozsvath and Szabo show that $^,0 does not depend on the choice of admissible cut A^, 
and therefore gives an invariant of smooth spin^ 4-manifolds with 6"*" > 2. An important 
property of is that it is nonzero for at most finitely many spin'^ structures s on X. 

In many situations there are convenient decompositions X = Zi Uy Z2, in which Y fails to 
be admissible in the sense above — specifically, condition (2) in the definition of admissibility 
is violated. Ozsvath and Szabo prove that one can use such a cut to obtain information 
about sums of invariants of X (Lemma 8.8 of [H]), but in order to obtain more detailed 
information we must pass to twisted coefficients. 

We express our results in terms of group rings. In the situation of cutting X along a 
3-manifold Y satisfying (1) but not (2) in the definition of admissible cut, the relevant group 
is K{X,Y) = ker(i^2(x) ^ H^{Zi) ® H^{Z2)) (c.f. RemarkEl]). For a given s G Spin'^iX) 
and a G A(X), we would like a way to calculate the element 

(15) '^'x,.+t(«)-e*GZ[/^(X,r)] 

t(^K{X,Y) 

in terms of invariants on the manifolds-with-boundary Zi and Z2. Indeed, the invariants 
of all spin'^ structures on X can be read from the coefficients of the above expressions for 
various s. 

Since we we need to refer to maps in both twisted and untwisted Floer homology, in this 
section we will follow the notation of Ozsvath and Szabo and write F^ for the map in 
twisted coefficients induced by W and F^ for the untwisted map. 

Definition 7.5. Suppose Z is an oriented 4-'m'anifold with connected boundary dZ = Y and 
s G Spin'^{Z). Define the relative Ozsvath-Szabo invariant ^ z,s of Z to be the function 

^z,, : A(Z) ifF-(r,s|y;Z[K(Z)]) 

given by 

■^zAU"" ®^) = [Ez/u^ ■ e- ® 00)]. 

Here the brackets indicate equivalence class under the action of K{Z), where K{Z) = 
keT{H\Z,Y) H\Z)). 

Recall that the twisted-coefficient map ^ is defined only up to the action of 6{H^{dZ)) = 
K{Z). Note also that if b+{Z) > 1 then ^z,s takes values in HF-^{Y). 

The following result gives the central statement of Theorem 11.51 from the introduction, 
and shows how to calculate (fTSjl in terms of relative invariants. 
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Theorem 7.6. Let X be a closed ^-i^f^nifold with h'^{X) > 2 and Y G X a 3-dimensional 
submanifold separating X into components Z\ and Z^- Let s be a spin'^ structure on X 
and write Si = s\zi- Assume that Zi,si takes values in HF,^^^ for i = 1,2, and also that 
b^{Zi) > 1 for at least one of Z\, Z2- Then for any ai G A{Zi) we have 

(16) Yl ^x,.+M)-e' = {r'\^z„,,M),^z,,,,M) 

t(^K{X,Y) 

as elements of 7j[K{X,Y)\, up to sign and multiplication by an element of K{X,Y). Here 
a is the image of ai ® 0:2 under the natural map A{Zi) ® A{Z2) A{X). 

In the statement of the theorem, we are imphcitly choosing representatives for \l/Zi,Si(<^j) 
and pairing them using the twisted-coefficient pairing defined earher. Lemma [2771 shows that 
the pairing does indeed take values in Z[K{X, Y)], and it follows also that different choices of 
representatives give rise to elements of Z[K{X, Y)] differing by multiplication by an element 
of K{X,Y). 

The rest of this section is devoted to the proof of Theorem 17. 6[ For simplicity, we focus on 
the case a = 1 in the following; the general case follows by an entirely analogous argument 
with Theorems 15.41 and 15.51 replacing Theorems 14.31 and 12. 9[ 

We begin with a few easy preparatory lemmas. 

Lemma 7.7. Fix a spin^ 3-manifold Y and Ry-modules M and N . Let (p : M —>■ N be a 

module homomorphism, and write 0* : HF°{Y;M) HF°{Y]N) for the induced map in 
Floer homology. Then the following diagram commutes: 

► HF-{Y; M) HF°°{Y; M) HF+{Y; M) >■ 



► HF-{Y; N) HF'^iY; N) HF+{Y; N) 

In particular, (p^, descends to a map on reduced homology, and commutes with t (and t~^). 
Proof. This is clear. □ 



Lemma 7.8. For i = 1,2 let Mi and Ni be modules for Ry and R^y respectively, and 
consider homomorphisms : Mi M2 and ip : Ni ^ N2. For any ^ G HF^{Y; Mi) and 
1] G HF~{-Y;Ni), we have 



{M0,Mr])) = <l>®m,v))^M2 
Proof. This follows easily from the definitions. 



^Ry N2 



□ 



Lemma 7.9. Suppose W = Wi Uy-^ W2 : Yq ^ Y2 is a composite cobordism, and Si and 82 

are spin'^ structures on Wi and W2 with Si\y^ = S2IY1. If has image in HF~^^{Yi) then 

for any coefficient module M for Yq, 

'D tm(F;;._ o F,7. .^ C HF~^{Y2; M{Wi){W2)), and 



(2) 
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Proof. (1) is clear from the fact that F^^^^^ maps HF-^{Yi; M{Wi)) into HF-^{Y2; M{Wi){W2)). 
Statement (2) follows from the commutative diagram 



HF+iY,;M{W,)) 



W2,S2 



HF+{Y2;M{Wi)iW2)) 



HF'{Y,-M) 
together with part (1). 



VKi,si 



r 



HF~{Yr-M{Wi)) 



W2,S2 



HF-(Y2;M{Wi){W2)) 



□ 



With these preliminaries in place, we turn our attention to the proof of Theorem 17.61 (with 
ai = 0^2 = a = 1). Thus, let X = Zi Uy Z2 be as in the statement of the theorem, and let us 
assume h^{Z2) > 1. Then we can find an admissible cut for X contained in Z2 (c.f. the 
construction in example 8.4 of [H]). Suppose X is decomposed into pieces Vi and V2 along 
A^, so that 

X = ViUnV2 = Zi Uy W Ujv V2 
where W = Vi Ci Z2 is a cobordism Y ^ N. 

Let us fix a spin^ structure s on X. For simplicity we will omit the spin*^ structure from 
the notation for homomorphisms induced by cobordisms, but all relevant cobordisms and 
their boundaries will be equipped with spin'^ structures obtained by restricting s. 

By definition, we have 

= (F+or-ioF^^(e-), e-) 

= {r-'oFy^iQ-),F^^{Q-)) 



{T-'oe,oFy^{Q-),e.oFy,^{Q-)) 



(17) = {T-'oFy^{e-),Fy^{e~)) 

We have passed to twisted coefficients using the remark after Theorem 12. 9[ The last line uses 
Lemma im and the twisted pairing which takes values in Z[i^'(X, N)]. Since N is admissible 
the group K{X, N) is trivial and hence the pairing is Z-valued; the homomorphism e^, (S> 
arising from Lemma [7.81 is the identity here. 

According to Theorem 12.91 we can find representatives for the maps involved that satisfy 



-Vi 



where IIv^ is the map induced in homology by a projection map ^[7^(14,^)] ^[-^(^i)]; 
which we also denote by IIvi. Different choices of representatives for and the other 

maps differ by the action of on Z[i^(X, N)] = Z, which is trivial. Hence we can replace 
(fT7|) with 



{r-'oUy,oF^oF,^{&-),Fy^{&-)) 



(18) 

Lemma 7.10. 



-1 



= Hy, ® 1 ■ (r 
Under the isomorphism 

Z[K{V,,Y)] ^R^Z[K{V2)] 



F^oF-z^ie-),Fy^iQ-)) 



z 



K{V,,Y)®K{V2 
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the map Uv^ ® 1 corresponds to the homomorphism sending an element of a group ring 
to the coefficient of the identity element. 

Proof. We have a diagram of identifications 

Z[K{V,,Y)] Z[K{V2)] HXlH Z[K{Vi)] Z[K{V2)] 



K{Vi)®K{V2y 
H\N) 

Again, since N is admissible 

The projection p is induced by some map 

KjVi) ® K{V2) ^ K{V^,Y)®K{V2) 

for which there is only one choice since the domain group is trivial. The construction of p 
from this map proves the claim. □ 

Returning with this to equation (IT51) . we have 

= T^z{r-'oF^oF-z^iQ-),Fy^ie-)) 

(19) = Mr-'oEz^iQ-),F^oFy^{Q-)) 

using Lemma 17^ and Theorem 14. 3 [ Note that the pairings above can be thought of as taking 
values in 

^ l K{Z,)(BK{W)(BK{V2y 
[ m{Y)®H^{N) 

with appropriate grading. 

We would hke to apply the composition law in (|T9l) to replace F_^ o Fy^ by , but we 
are missing a factor of II^j required by Theorem 12. 9[ By commutativity of the square (*) in 



K{V,,Y)(BK{V2) 
m{N) 



p 



z 
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the following diagram, we are free to introduce this factor: 



Z[K{Z,)] Z[K{Z2,N)] 



Z[K{Z,)] Z[K{Z,)] 



Z 



K{Zi)®K{Z2,N) 

m{Y) 



z 



K{Zi) ® K{Z2) 

Hz 



z 



K{Zi)®K{W)®K{V2) 
m(Y)®H^iN) 



Indeed, it follows that Hz = Hz o (1 11^2) (after identifying the groups in the column on 
the left). Thus ( HM becomes: 



<l>x,.(l) = Ilzo{l0Uz,)-{r-'oF,^{e-),Fy,oFy^{e-)) 

= llz{r-'oF,^{Q-),F,^{Q~)), 

after possibly translating by an element of Ry- This verifies the "constant coefficient" of 
( fT6l) . For the general statement, suppose t = Sh & K{X,Y). Then since s + t = s when 
restricted to V2 we can follow the same steps as above (and using the second part of Theorem 
[XQjl to see 



*x,.+t(i: 



(20) 



{r-'oFy^^U^^ 



where we can use the same representatives for [F^. ^] as before. Since the action of Ry on 
Z[K{X, ¥)] is via the coboundary, this last expression is exactly the coefficient of e^^ = e* 
in (r^^ o F_~^ g(0~)) E.Z2 s(® ))• This completes the proof of Theorem 17.61 



8. Perturbed Heegaard Floer invariants 



The utility of Theorem 17.61 is limited in many practical circumstances by the restriction 
on b^{Zi). In particular, if one wishes to split a 4-manifold along the boundary of a tubular 
neighborhood of a surface of square 0, it is not obvious whether the assumptions of that 
theorem are satisfied. In this section we show how to remedy this circumstance by making use 
of Heegaard Floer homology "perturbed" by a 2-dimensional cohomology class rj G H^{Y; M). 
(A version of this theory was mentioned briefly in [9]; here we give a rather fuller treatment.) 



PRODUCT FORMULAE FOR OZSVATH-SZABO 4-MANIFOLD INVARIANTS 



33 



8.1. Definitions and basic properties. 

Definition 8.1. Fix a closed oriented 3-manifold Y and a class rj G H^(Y\ R). The Novikov 
ring associated to (F, rj) is the ring TZy,^ C C^;^) of Z-valued functions on H\Y;Z) 
defined by the condition that f G TZy^n if one? only if for each N & Z, the set supp(/) fl {a G 
H\Y)\{aUr],[Y]) < N} is finite. 

More concretely, we can think ofTZY,r) o-s the collection of formal series 

subject to the condition that for each N & Z the set of g & H^(Y) with ag nonzero and 
{g U ?7, [y]) < is finite. 

The multiplication on TZy^rj is the usual convolution product; note that in the case rj = 
we have 7lY,ri = '^[H^iX)]- Clearly, TZy^n = 'J^Y,c-n for any positive constant c. Furthermore, 
7lY,ri depends on the orientation of Y in the sense that TZ-y^n = TlY-r,- 

We can now recite the definition of twisted-coefficient Heegaard Floer homology using 
TZy^r) in place of Ry- 

Definition 8.2. Let (y, s) be a closed oriented spin'^ 3-manifold, and let rj G W^iY^M). 
Endow TZy.r, with the s-grading defined by ([8]). Let (S, ex., f3, z) be a marked Heegaard diagram 
for Y , and choose an additive assignment A for the diagram. The ?7-perturbed Heegaard 
Floer complex is the free TZy^rj-T^odule CF^{Y,S]lZy^^) generated by pairs [x, i] where x G 
Tq, n Tp is an intersection point with ^^(x) = s, equipped with the relative Z grading defined 
m ©. 

The boundary operator is given as in Definition \2.3[ where e^^'^^ is interpreted as an 
element ofTZy^^]- 

If (S,q;,/3, z) is strongly s-admissible, in the sense of [9], then the definition above obvi- 
ously yields the Heegaard Floer complex for the unperturbed theory with coefficients in the 
i?y-module 7?.y^^, i.e., the complex CF°(F, s; Ry) 0/?^ 'Tly,r)- 

In fact, the perturbed complex can be defined with relaxed admissibility hypotheses: if rj 
is generic in the sense that the induced map H^iY; Z) — M is injective, weak admissibility 
suffices to define HF°°{Y,s; TZy^rj) and HF~(Y,s; 7^y,r?), while no admissibility conditions are 
necessary to define HF~^(Y,s;7ly^r]) or HF{Y,s;7ly^ri)- However, we have no need for this 
generality, and the observation in the previous paragraph suffices to show that the perturbed 
Heegaard Floer homology is a topological invariant of {Y,s,r]). 

Note that if M is a (graded) module for Ry, we can obtain a module for TZy^rj by tensor 
product: = M TZy,v Thus we can consider perturbed Heegaard Floer homology 
with coefficients in the "completed" module Airj, namely the homology of the complex 
CF(Y,5;7ly^ri) ^Hvr, -^ri (of coursc, since any module for TZy^r] is also a module for Ry, we 
see trivially that any TZy^ri module is obtained in this way). 

Calculation of perturbed Floer homology is facilitated by the following. 

Lemma 8.3. For any rj G H'^iY; M), the ring TZy.r, is flat as an Ry-module. 

Proof. Let K denote the kernel of the homomorphism H^{Y;Z) R given by x ^— (x U 
T], [Y]); note that X is a direct summand of H^{Y; Z). Let rk(i^r) = k. The ring Ry can be 
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identified with a Laurent polynomial ring in variables {xi, . . . ,xi,}, b = bi{Y), and we can 
choose the generators Xj such that (xj U r], [Y]) = for z = 1, . . . , /c, while (xj U r], [¥]) > 
for i > k. The Novikov ring TZy,-^ can be constructed as follows. First let denote the 
("partial") power series ring obtained by completing the ring Z = Z[xi, . . . ,Xb] with respect 
to the ideal generated by Xk+i, . . . , x^. Then if V denotes the multiplicative subset generated 
by the variables Xi, . . . , x^,, we have that 7?.y^^ = V'^Z,^,. It is a standard fact that Z^j is flat 
over Z (see, e.g., [T]), and it follows easily that 7lY,ri = V~^2^r] is flat over Ry = V~^Z. □ 

Definition 8.4. Let Y be a closed oriented 3-manifold, s G Spin'^{Y), and rj G H'^(Y;M.). 
We say rj is generic for s z/ker(ci(s)) ^ keT{ri). That is to say, t] is generic for s if there 
exists a class x G H^{Y) such that 

r]Ux^O but Ci(s)Ux = 0. 

Observe that if Ci(s) is torsion and rj is nonzero then rj is automatically generic for s, 
while if bi{Y) = 1 and Ci(s) is non-torsion, then a generic class r/ for s does not exist. 
Once bi{Y) > 1, however, any class t] G H'^{Y]'R) that is "generic" in the sense that 
{rjU ■,[¥]) : H^{Y; Z) — > M is injective, is automatically generic for any spin'^ structure s. 

In Seiberg-Witten theory, once bi(Y) > it is possible to "perturb away" reducible solu- 
tions to the Seiberg-Witten equations on Y. The following can be seen as an analog of that 
statement in Heegaard Floer theory. 

Corollary 8.5. If rj E H'^{Y\M.) is generic for a spin'^ structure s on Y , then 

HF°^{Y,s;nY,r,)=0, 

and therefore HF'^{Y,s; A4) = for any TZY^q-nnodule M.. In particular, under this assump- 
tion, for any Ry -module M with completion M.ri = M IZy,^ we have isomorphisms 

HF^iY,s;Mr,) = HF,:^^,iY,5;M,) = HFUy,5;M) 7^y,,. 

Proof By the previous lemma, i/F°^(r,5; 7^y,^) = HF°^{Y,s; Ry) 7^y,^. Oszvath and 
Szabo showed [10] that for any 3-manifold Y, the fully-twisted Floer homology satisfies 

HF'^{Y,s;Ry) ^ Z[U,U-'^] 

where an element x G H^(Y;Zi) having (ci(s) U x, [Y]) = 2k acts as multiplication by U^. 
Take x to be as in the definition of generic above, so that k = 0. Without loss of generality 
we can assume that {r] U x, [Y]) > 0, so that the element 1 — x has an inverse Yln>o^" 
IZy^ri- But then 1 — x is a unit that acts as on HF°°{Y, s; IZy^ri), meaning the latter module 
must vanish. The remaining statements follow easily from the flatness of IZy^rj- D 

As noted above, it is not always possible to guarantee the existence of a generic perturba- 
tion (namely when bi{Y) = 1). Of more concern for our purposes, a similar situation arises 
when considering cobordisms W : Yi Y2, where perturbations and spin'^ structures on Yi 
are taken to be induced from W. Here if 62 (W^) = 1? for example, then any class rj induced 
from W must be a multiple of the Chern class of a spin'^ structure on Y2 induced from W, 
and again we cannot arrange genericity regardless of the value of bi{Y). 

To deal with this situation we make a further completion of Heegaard Floer homology, 
this time with respect to U. 
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Definition 8.6. Let Z[[f/]] denote the ring of integer power series in U. The f/-completed 
Heegaard Floer groups for {Y, s, rj) in a module M. are defined by 



Thus the perturbed, completed Floer homology HF°(Y, s; A4) is a module for 7^y^s[[f/]]. 
Observe that since the action of U is nilpotent on elements of HF~^, this completion has no 
effect on the latter group: 



There is a natural map HF°{Y,s;Ai) HF°{Y,s;A4) that is typically (when rj is generic 
for s, for example) an injection. We will often implicitly make use of this homomorphism 
when extending previous results to the ^/-completed setting. 

The definition is most useful when the uncompleted group HF°{Y,3] Ai) carries a relative 
Z grading (not a cyclic grading). We will generally be interested in coefficient modules Ai 
that arise from cobordisms — > Y, and in light of Proposition 13.51 we will therefore be in 
the Z-graded case. 

Corollary 8.7. Let (Y,s) be a closed spin'^ 3-manifold and rj G H^{Y]M) a fixed class. If 
Ci(s) is torsion, assume that rj ^ 0. Then 



for any IZy^-q module Airi- 

The other conclusions of Corollary 18.51 of course follow as well for the fZ-completed Floer 
homology perturbed by a compatible class i]. Note that if ci(s) is non-torsion, then it suffices 
to take rj = 0. 

Proof. It suffices to show the vanishing with coefficients in TZy.t]] if is torsion then a 
nonzero 7] is necessarily generic for s so that Corollary 18.51 applies. Otherwise, we can find 
t G H^(Y) such that {ci{s)Ut, [Y]) = —2k with A; > 0; then as before t acts as multiplication 
by U^'^ on HF°°{Y,5] Ry)- Hence the element 1 — tU'' acts as 0, but the latter is a unit in 
the completed ring 7^y^^[[?7]]. □ 

We now wish to extend perturbed Heegaard Floer theory to cobordism-induced homo- 
morphisms. To do so, we again follow the program from the unperturbed case; we need only 
make sure that the coefficient modules respect the algebraic nature of the Novikov rings. 

Definition 8.8. Let W : Yi Y2 be an oriented cobordism between 3-manifolds Yi, and fix 
rj G H^iyV] M) with restrictions 7]i = r^ly. . Let }C{W, rj) be the Novikov completion of7j[K{W)] 
with respect to rj, where as usual K{W) = im{H^ {dW ; Z) H"^ {W, dW ; Z,)) . Concretely, 
K,{W,r]) is the ring of formal series 



HF°{Y,S]M) = HF°{Y,s; 



HF+{Y,5-M) = HF+{Y,5;M). 



HF^{Y,s;Mr,) = 



Qg- g\ag eZ} 



subject to the condition that for each iV G Z the set of g & K{W) with ag nonzero and 
{g U 7], [W, dW]) <N IS finite. Then K:{W, t]) is a module for both 'R,Yi,r]i and T^Y2,ri2- 
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If M. is a (graded) module for IZy^^ni, the module A4{W,ri) /orT^y^^^^ induced by iW,ri) is 
defined by 

M{W,r])=M(g)n^,^^,,ICiW,r]). 

Here )C{W, rj) can be given an integer grading depending on a choice of spin'^ structure just 
as in Proposition 13. 5[ For the conjugate module appearing in the last statement, observe 
that the map x i— >• —x in H^{Y) induces a conjugation map TZy^r) 'Ti-Y,r)- Thus A^, defined 
to be the same graded group as M. with conjugate module structure, makes sense as a graded 
7?._y,,-module. 

It is now straightforward to define a homomorphism 

F^,^,, : HF:{Yr,5^,M) ^ HF:{Y2,S2, M{W,r^)) 

associated to a spin'^ cobordism {W, s) with chosen perturbation rj (or similar maps between 
the groups without the "•"), by making the usual formal construction for 1- and 3-handles, 
and using Definition 12.61 for the 2-handles, where e^^^^"^ is considered to lie in ]C{W,r]). The 
proof that the result of this construction is a chain map whose induced map in homology 
is an invariant of W (up to a sign and the action of H^{Yi; Z) © H^(Y2; Z)) is identical to 
the proof in the unperturbed case in [11]. Alternatively, one can deduce this fact from the 
corresponding fact in the unperturbed theory using Lemma 18.31 

Similarly, there is a composition law for perturbed cobordism maps that follows from the 
usual one given in Theorem 12.91 Indeed, suppose we are given a cobordism W : Yi ^ Y2 
and a module M for Ry, along with a class r] G H'^{W;R). Write M = M ^r^^ 'TIyi,^ 
for the Novikov completion of M (we do not distinguish in the notation between 77 and 
its restrictions to Yi, 1^2); then M. can also be considered as an i?y^ -module. As such, we 
obtain an induced i^yj-module J^{W) = AA ®r_yi 7j[K{W)]. It is not hard to see that the 
7?.y2,,y-module induced by (W,r]) is then 

(21) MiW, T]) = MiW) 7^y,,^ = 7^„y,,^ ^R_^^ M{W) ^R^^ 7^y,,^ 

and we have a commutative diagram (with or without w's) 

HF.{Y^,M) — HF.{Y2,M{W)) ^ HF.{Y2,M{W)) ®r^^ 7^y„, 




HF.{Y2,M{W,r])) 

where the vertical arrow is an isomorphism according to Lemma 18.31 Combining this ob- 
servation with the original composition law gives the desired result for perturbed Floer 
homology. 

All of the algebraic constructions introduced previously for twisted coefficients go through 
with only minor modifications in the perturbed setup. The action of Hi{Y;'Z)/tors on 
HF°{Y, s; A^) for an 7?.y,^-module is defined just as before, as is the extension of cobordism- 
induced maps to incorporate this action. Likewise the previous definition applies to give a 
pairing 

HF,+{Y, 5; M) ®ny,, HF-{-Y,s;X) M ®ny,, AT 
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for any 7?.y.,,-module and 7^_y.,,-module A/" (and similarly without w's). 

8.2. Conjugation and orientation reversal. The perturbed versions of the results of 
section [6] are straightforward generalizations, with the caveat that conjugation Ry,s Ry,s 
extends to the setting of Novikov rings only at the cost of reversing the sign of f]. Indeed, if 
r G 'R-Y,B,r], we can consider the conjugate f to lie either in 7i_Y^s,ri or in 7?.y^a Hence if M. 
is a module for TZy^s^r], we can think of as a module either for Tl^Y,s,ri or for TZy^s-ri- 

Theorem 8.9. // {Y,s) is a dosed spirf 3-manifold with class rj G H'^{Y;W), and M. is a 
module for TZy^t], then we have an isomorphism of TZy^q-modules 

HF°{Y, HF°{Y,s,M) 
preserving relative gradings, where M. is considered as a module for TZy,s.-ti- pfii^icular, 
HF:{Y, s- Uy,,,,) = HF:{Y,-s,n^) = HF:{Y,-s,nY,,,-r,). 

□ 

Thus in the perturbed case, there is a natural equivalence between Floer homology for 
spin'^ structure 5 perturbed by a form rj, and the homology for s perturbed by —rj. 

Theorem 8.10. For {Y,s) a closed oriented spin^ 3-manifold with class rj G H^{Y\ M), and 
M. a module for 'R-Y,ri, there is an isomorphism 

HF^{Y, s;M) = HF'{-Y,s;M), 

of relatively graded 7iY,s,r]-modules, where M. is taken to he a module for 1Z_y,&,it 

□ 

As usual, there are obvious analogues of each of these results before taking [/-completions. 

8.3. Perturbed 4-manifoId invariants. We are now in a position to define invariants 
for closed 4-manifolds using perturbed Floer homology. If (Z, s) is a spin^ 4-manifold with 
boundary Y and rj G -?/^(Z;]R), we define the perturbed relative invariant ioi {Z,s,ri) to be 
the map 

^z,.,n ■ MZ) ^ HF-{Y,5;IC{Z,r])) 

given by '^z,s,ri{U"' ®uj) = [-^^^^^(f/"' ■ ®uj)], where the brackets indicate the equivalence 
class under the action of K{Z) as before. Here /C(Z, 77) is the 7^y,^-module induced by Z, 
thought of as a cobordism —>■ Y; in other words }C{Z, rj) is the Novikov completion of 
Z[keT{H'^{Z,Y) H'^iZj)] with respect to r]. 

Definition 8.11. Let X be a closed A-manifold and t] G H'^{X; M) . An oriented 3-dimensional 
embedded submanifold Y G X is an allowable cut for f] if Y separates X into two compo- 
nents, X = Zi Uy Z2 with dZi = Y = —dZ2, and at least one of the following conditions are 
satisfied: 

(1) r/|y ^0. 

(2) b+iZi) > 1 fort = 1,2. 
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Observe that if property (1) of the definition holds, then it follows from Corollary 18.51 
that the induced map F^^^ is trivial in perturbed, [/-completed Floer homology for any 
spin'^ structure on X. (Indeed, if the restriction of ci(s) to F is a non-torsion class then we 
need not even assume (1), but of course in this case one can always find a class rj satisfying 
(1), namely the image in real cohomology of ci(s). To avoid complicating the statements of 
results to follow, we ignore this point.) 

On the other hand, if W : Yi Y2 is a cobordism with b^(W) > and r] G H'^(W;R), 
then since the unperturbed map in HF°° induced by W is trivial, the same is true for 
the map perturbed by rj, whether r] vanishes on dW or not. Hence the perturbed relative 
invariant z,s,ri-, for a component of X arising from a cut allowable for r], takes values in the 
reduced Floer homology in both cases, and the following makes sense. 

Definition 8.12. Let X he a closed oriented ^-manifold and 5 a spin'^ structure on X . For 
a pair (F, 77) consisting of an element rj G if^(X;M) and a cut X = Zi Uy Z2 of X that 
is allowable for rj, the perturbed Ozsvath-Szabo invariant of X associated to (F, 17, s) is the 
linear map <l^x,y,»?,s : A(X) IC{X, F, i]) defined by 

up to sign and multiplication by an element of K{X,Y). Here a is the image of ai ® 02 
under the natural map A{Zi) A{Z2) A(X). 

In this definition, we set 



/C(X,F,r/) = }CiZ,,v) ®7^,„ JCiZ^,^). 

This can be identified with the Novikov completion of the i?y-module 7j[K{X, Y)] with 
respect to rj as in Lemma [2?71 That is to say, )C{X,Y,ri) = Z[K{X,Y)] 7lY,ri- Note 
that <©x,y,r?,s depends on the orientation of Y in the sense that <i^x,Y,v,s = ^x-Y,r],s- Indeed, 
it is easy to see that the two are related by the action of the obvious anti-homomorphism 
IC{Zi,ri) (g) /C(Z2,?7) IC{Z2,ri) ® IC{Zi,ri), which in turn corresponds to the conjugation 
homomorphism /C(X, Y, rj) —>■ /C(X, —Y, rj). 

We will see that when b'^{X) > 2, the definition above recovers the ordinary Ozsvath- 
Szabo invariants in the sense of Theorem 17. 6t that is, <Bx,y,v,s lies in Z[K{X,Y)], and the 
coefficients of this group ring element are the Ozsvath-Szabo invariants of X in the various 
spin'^ structures that have given restrictions to Zi and Z2. The utility of this definition is 
that we no longer need to assume that b^{Zi) > 1 or even that F^, ^ takes values in the 
reduced Floer homology, so long as r/jy 7^ 0. 

It should be noted, however, that the existence of a 3-manifold Y separating X and a 
class rj G M) restricting nontrivially to Y implies that X is indefinite; in particular 

b+{X) > 1. 

Lemma 8.13. Suppose X is a 4-'m'<mifold with b'^{X) > 2, Y a submanifold splitting X 
into components Z\ and Z2 with b'^[Zi) > 1 ('or more generally satisfying the hypotheses of 
Theorem \7.6\ ), and rj G H'^{X; M) a perturbing class on X . Then for any spin'^ structure s 



on X, <(^x,Y,v,s takes values in Z[K{X,Y)] C /C(X, F, 77), and 

'®X,Y,V,B = ^ 

teKixx) 



'x,s+t ■ e* 



PRODUCT FORMULAE FOR OZSVATH-SZABO 4-MANIFOLD INVARIANTS 



39 



up to multiplication by ±1 and an element of K{X,Y) . 

Proof. We have a commutative diagram 

HF~{S')^HF~,{Y,Z[K{Z,)]) 



(23) 



HF,{Y,IC{Z,,r])) 



where the upper arrow is the unperturbed, twisted-coefficient homomorphism induced by 
{Zi,s), and the lower arrow uses the perturbation rjlz^. Here i^, is the natural map induced by 
the homomorphism 7j[K{Zi)] K,{Zi,ri) of a ring to its Novikov completion; commutativity 
of the diagram is obvious from the definition of cobordism-induced maps. We have a similar 
diagram for Z2 with Y replaced hy —Y . 
Likewise, there is a diagram 



HF-JY,Z[K{Z,)]) ®ny HF-^,{-Y,Z[K{Z,)]) 



Z[K{X,Y)] 



(24) 



1:^: (K* 



HF,{Y,ICiZuv)) ®ny,, HF,-{-YMZ2.r,)) 



/c(x,r,77) 



If r/ly = 0, then the maps i^^ and j are the identity maps: indeed, it follows from fl2Tl) that 
}C{Zi,ri) = Z[K{Zi)] and )C{X,Y,rj) = Z[K{X,Y)]. Thus in this case, the lemma is just a 
restatement of Theorem 17.61 

Assume that tjIy ^ 0. We claim that the map j : Z[K{X,Y)] Z[K{X,Y)] nY,r, 
is injective, and this combined with Theorem 17.61 clearly implies the lemma. To see the 
injectivity, observe that since r] is induced from the 4- manifold X, we have a diagram 

H^{Y] Z) K{X, Y) 




with 6 surjective (recall that K{X,Y) is identified with a subgroup of if^(X); c.f. Remark 
12. 8p . From this it follows that the Novikov completion of Z[K{X,Y)] as an i?y-module is 
the same as its Novikov completion {Z[K{X,Y)])!^ as a ring with respect to the function 
{t] U •, [X]). It is straightforward to see that the map Z[K{X,Y)] {Z[K{X,Y))!^ from a 
group ring to its Novikov completion is injective. □ 

Remark 8.14. The mjectivity of j : Z[K{X, Y)] Z[K{X, Y)] TZy,^ from Z[K{X, Y)] 
to its (module) completion is not automatic, as can be seen in the case of a cut Y that is 
admissible in the sense of Ozsvdth and Szabo: in this case K{X, Y) is trivial, Z[K{X, Y)] = 
Z, and Z T^Y,rj = if rj ^ 0. 
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To handle cases where not both sides of the cut Y have nonvanishing 6+, we consider the 
dependence of <©x,Y,r;,s on Y. For our present purposes, the following suffices. 

Lemma 8.15. Suppose X is given with two disjoint cuts Yi and Y2 that are allowable for a 
class Tj G if^(X;]R), and whose orientations are compatible. Then for a spin'^ structure s on 
>2,'?,s contain the same information in the following sense. 
There is a group i^'(X;Yi,y2) whose group ring Z[ir(X; Yi, 1^2)] has a Novikov comple- 
tion /C(X; Yi, Y25 v) depending on rj. There are injections K{X, Yi) K{X; Yi, Y2) inducing 
surjective restriction homomorphisms VTj : }C{X]Yi,Y2,r]) IC{X,Yi,ri) . Finally, there is 
a homomorphism : A(X) }C{X;Yi,Y2,r]) (depending on s and defined up to sign and 
translation by an element of K{X;Yi,Y2)) such that for appropriate choices of representa- 
tives, 

fori = 1,2. In particular, if we think of <&x,Yi,'q,s as Laurent series (depending on elements 
of A{X)), the coefficients of those series are equal to coefficients of<^. 

Compatibility of the orientations of Yi and Y2 means that in the decomposition X = 
Zi Uy, Z2 Uy^ Z3, we have dZi = Yi, dZ2 = -Fi U Y2, and dZ-^ = -Y2. 

Intuitively, IC{X; Yi, Y2, rj) is a Novikov ring coming from a group containing both K{X, Yi) 
and K{X, Y2) as subgroups. One can think of as a polynomial (Laurent series) in a large 
number of variables, and the perturbed invariants <^Yi,rj,s are "sections" of this polynomial. 
Put another way, is an integer function on a group i^(X; Yi, F2), of which K(X, Yi) and 
K{X, Y2) are subgroups. One obtains each of the functions <i^x,Yi,n,s by restriction of to 
the corresponding subgroup (or its cosets); it is in this sense that the <(^x,Yi,r],s contain the 
same information. 

Proof. Suppose Yi, Y2 divide X into pieces X = Zi Uy^ Z2 Uy^ Z3. We prove the lemma by 
evaluating the invariants coming from the two splittings on a G A(X); in fact we assume 
a = 1. The general case is only notationally more difficult. 

According to the composition law, we can find representatives for the maps involved such 
that 

(25) 

Similarly, 

(26) ^x,Y„^,^ 
We therefore define 

^ = {r-'F,^^^{e~), Fg^^ o Fgje-)) = {r-'Fg^^ o F^" ,,(9"), F^" ,,(6")) 

using duality and the analog of Lemma 17.91 in the perturbed case. Here we also note that 
the pairings above take values in 



= 1 ® U{T-'F,^^^iQ-), F,^^^ o F^-3,,(0-)). 
= n ® l(r-^F^- o F^-^,,(e-), ,,(6-)). 



]CiZ,,r])®ny,„}C{Z2UZs,Y2,r]) and KiZiU Z2,Y,,r]) IC{Zs,v), 
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which are mutually isomorphic to the Novikov completion of 

[ miYr)®H\Y2) 

with respect to (the linear function on K{Zi) © K{Z2) ® K^Z^) induced by) rj. Note that 
just as in Lemma [2.71 there is an isomorphism 

where pi is the restriction H'^{X) — > H^{Zi). We denote the above group by fr(X;Fi,F2) 
and the Novikov completion of 'Ij[K{X;Yi,Y2)] with respect to 1] by }C{X;Yi,Y2,ri). With 
these algebraic identifications understood, the lemma follows from fl2^ and fl2Bl) . □ 

Finally we obtain the following, which is a restatement of Theorem 11.61 from the intro- 
duction. It should be seen as a generalization of Theorem 17.61 that allows us to calculate 
Ozsvath-Szabo invariants using essentially any cut Y, if we are willing to use an appropriate 
perturbation. 

Theorem 8.16. Let X be a closed oriented 4-n^(inifold with b'^{X) > 2, and Y G X a 
submanifold determining a decomposition X = where Zi are connected J^-manij olds 

with boundary. Fix a class rj G H'^{X]M), and assume that Y is an allowable cut for rj. If 
b^{Zi) and b^ {Z2) are not both 0, then for any spin'^ structures on X and element a G A(X), 

t£K{X,Y) 

up to sign and multiplication by an element of K{X,Y), where ai ® a2 ^ <y as before. If 
6+(Zi) = b^{Z2) = then the same is true after possibly replacing f] by another class fj, 
where fj\zi = f]\zi for i = 1,2. 

Proof. If both b^{Zi) > 1 and b'^{Z2) > 1 then this follows from Lemma 18.131 Assume, 
therefore, that b~^{Zi) = 0. We wish to find a cut Y' for X such that (1) Y' is disjoint from 
Y, and (2) in the decomposition X = Z[ Uy/ Z2, we have b'^{Zl) > 1 for i = 1, 2. 

To find Y', first consider the restriction rjly- Since Y is allowable for 77 and b^{Zi) = 0, 
we must have rjly 7^ G H^{Y] M). Hence we can find a surface S C F such that jj^rj ^ 0, 
and since rj is defined on X, we infer [E] is nonvanishing in H2{X] Z). Clearly S.S = 0. Let 
S be an embedded surface in X intersecting S transversely in a single point; then {[S], [S]} 
determine a direct summand of the intersection matrix of X having one positive and one 
negative eigenvalue. Let X be a tubular neighborhood of S* in X; then Y separates N into 
two components N1UN2, with Ni C Zi. Let Zi be obtained by adding a collar Y x [0, e] C Z2 
to Zi, and set Z[ = Zi U N2. Thus Y' = dZ[ is obtained by pushing Y slightly into Z2 and 
attaching the boundary of N2. 

Since J^U S G Z[ we see b'^{Z[) = 1; on the other hand, the complement Z2 = X \ Z[ has 
^^(Zg) = b^{Z2). There are several cases to distinguish. 

Case 1: b^^lZ^) > 1. Here we are done, by Lemma [8.131 and Lemma [8.151 

Case 2: b^{Z'2) = 0, but rjly 7^ 0. Then Y' is still an allowable cut for rj and disjoint from 
Y, so Lemma [8.151 applies. We can now run the construction above with Z2 playing the role 
of Zi, the result is a new cut Y", disjoint from Y', with b'^{Zl') > 1 for i = 1, 2. Lemma [8. 151 
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implies that the invariants calculated from Y, Y', and Y" agree, while Lemma 18.131 shows 
that the invariants calculated from Y" are the Ozsvath-Szabo invariants. 

Case 3: h^{Z2) = and rjly = 0. Let f] = rj + PDx[^], where P-Dxp] denotes the image 
in real co homology of the Poincare dual of [E] in if^(X;R). Then it is easy to see that 
fj\Y' 7^ 0, so that Y' is an allowable cut for fj. Note that since the classes fj and rj differ by 
an element in the image of 6 : H^{Y;W) —>■ i7^(X;M), they agree on Zi and Z2. Running 
the preceding proof with fj in place of rj we end in case 2 above, hence the conclusion of the 
theorem holds with the modified perturbation. □ 

Note that in case 3 of the proof, it works just as well to take fj = rj + ePDx[^], where e is 
an arbitrary nonzero real number. Thus Theorem 18.161 could be rephrased to say that when 
b'^i^) ^ 2, the perturbed Ozsvath-Szabo invariants are equal to the ordinary Ozsvath-Szabo 
invariants when calculated with respect to a cut Y that is allowable for a "generic" class 

The preceding results provide sufficient understanding of the dependence of <l^x,y?7,B on Y 
for our purposes. We do not study the dependence of the perturbed invariants on t] here. 

9. Heegaard Floer homology of a surface times a circle 

From the general considerations of the preceding sections, we turn now to the problem 
mentioned in the introduction of determining the behavior of Ozsvath-Szabo invariants under 
fiber sum. Since a fiber sum along surfaces with trivial normal bundle is obtained by gluing 
two manifolds together along the product of the summing surface E with a circle, and the 
relative invariants of the pieces take values in the Floer homology of the latter manifold, we 
will need a fairly detailed understanding of that Floer homology. 

This section is devoted to the calculation of the perturbed Heegaard Floer homology 
groups of E X S*^, for a particular choice of perturbation rj. Indeed, our choice of rj is induced 
by the cobordism E^ x — D^. The main input for this computation comes from [3] 
where most of the technical tools required have been developed. We start this section by 
elucidating the new phenomena associated with working with twisted coefficients in surgery 
exact sequences. 

9.1. Exact sequences with twisted coefficients. Let K he a nullhomologous knot in a 
3-manifold Y. Following typical notation in the subject, we write 1^ = Y£{K) for the 3- 
manifold obtained by ^-framed surgery on K. As described in [10] , there are exact sequences 
relating HF~^ (or HF) of the two triples of three 3-manifolds {Yq, Y, and {Yq, Yn,Y) 
with n > but otherwise arbitrary: 

... ^ HF^iYo, [5,]) ^ HF+{Y,5) ^ HF+{Y_„,5,) ^ ... 

(28) ... ^ HF+{Yo, [5,]) ^ ifF+(K„,Sfc) ^ HF+{Y,5) ^ ... 

By abuse of notation we have labeled the maps appearing in the two sequences by the 
same letters although they are of course different functions. The map F : HF^{Y,s) —>■ 
HF~^{Y_n, Sk) will be of special interest below and we proceed by first providing more details 
concerning its definition as well as explaining the notation from (1251) . 

Let W-n be the cobordism from Y to YL^ obtained by attaching a — n-framed 2-handle 
to y X [0, 1] along K x {1}. Let a C F be a Seifert surface of K and let S C W-n be 
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the surface obtained by capping off a x {1} with the core of the attaching 2-handle. Given 
a spin'^-structure s G Spin'^iY) let Sk G Spin'^iY^n) be the spin'^-structure on y_„ which 
is spin'^-cobordant to s via {W-n, tfc,o) where Xk/ G Spin^iW^n) is uniquely determined by 
Cfc/|y = 5, (ci(rfc,£), [S]) = 2k — {2i — l)n and k G {0,1,. ..,n — 1)0 By [sfc] we denote 
the preimage Q'^{Sk) of a surjective map Q± : S'pm'^(Fo) Spi'rf{Y±n) defined in [10] 
whose details need not concern us save the fact that when n ^ this preimage includes 
at most a single spin'^-structure whose Floer homology HF^{Yq,{) is nontrivial. By writing 
HF^{Yq, [Sk]) we mean the direct sum of HF^{Yq,^ over all spin'^-structures s G [Sk\. 
The map F from fl28p is a sum 

(29) F = 0F,, where : ifF+(F, s) i/F+(K.„, s,) 

is the homomorphism induced by iW^ni'^k/)- 

Recall that when Ci(s) is torsion both HF^{Y,5) and HF^{Y_n,Sk) come equipped with 
an absolute Q-grading gr lifting the relative Z-grading gr (cf [12]). With respect to the 
absolute grading gr the degrees of the maps Fi on homogeneous elements are 

, ^ 1 / (2fc- (2£-l)n)2^ 

30 degF, = - 1-^ ^ ^ 

4 \ n 

This function attains its maximum at £ = ^ — -, though of course £ is constrained to be an 
integer. When k ^ there is therefore a unique value of £ corresponding to the maximal 
degree shift, while for /c = the maximum is attained for both ^ = 0, 1. 

To state the version of the sequence for twisted coefficients we first introduce some more 
notation. With the choice of a Seifert surface a C V of as above, let a C Iq be the surface 
obtained by capping off a with the surgery disk. Set t = P.D.{[a]) G H^{Yq;'L) and let 
L{t) = Z[t, t'^] be the ring of Laurant polynomials in t; equivalently L{t) is the group ring on 
the subgroup of H^{Yq) generated by t. There is a natural homomorphism 7j[H^{Yq)] — > L{t) 
induced by the map a i— > {a, [K]) ■ t, or in multiplicative notation a i— >■ t^^'t^D. (Here [K] 
indicates the homology class in Hi{Yq) coming from the core of the surgery torus.) We 
use this map to endow L(t) with the structure of a Z[H^(Yq)] module; observe that if 
t G Spin'^iYo) is a spin'^ structure whose Chern class is dual to a multiple of [a] then L{t) is 
naturally a graded module for Rvo^t with gr^{t) = — (ci(t) U t, [Yq]). 

More generally, suppose s G Spin'^iY) is a spin'^ structure on the original 3-manifold, 
and M is a graded module for Ry,s- Then the surgery cobordism Y — > Yq, equipped with 
some spin'^ structure, induces a graded module for -Ry„,t that we denote by M[t='=^], whose 
underlying group is M ®i[m[Y)] L(t) and where H^{Y) acts trivially on L(t). 

With this understood, the next theorem can be found in [10]. 

Theorem 9.1. Let Y be a three manifold, K a nullhomologous knot in Y and M an Ry- 
module. With the notation as above and for any n > there are surgery long exact sequences 
of Ry^ (S) l^lUj-modules for the Heegaard Floer homology groups with twisted coefficients 



HF+{Yo, [Sk];M[t^'])^HF+{Y,s;M)[t^']^HF+{Y_^,Sk;M)[t 
HF+{Yo,[5k];M[t^']) ^ HF+{Y^,s;M)[t^'] ^ HF+{Y,5k;M)[t 



-"^Every spin'^-structure r € Spin'^{W-n) with v\y — s and x\y_„ — 5k is of the form r — Xk,i for some £ G Z. 
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The analogous sequences for HF are also exact. 

We shall refer to the above sequences as the negative n and positive n surgery sequences 
respectively. As in (125]) we abuse notation by labelling the maps in both sequences by the 
same letters. It is worthwhile to single out a case of special interest later on, namely the 
choice of M = Z with trivial -Ry-module structure. In this case the negative n sequence 
becomes 

(31) ... ^ HF+iYo, [5k];m) ^ HF^{Y,5)[t^'] i7F+(r_„,5,)[t±i] ^ ... 

For any choice of ?7 G H'^{Yq; Z), using the flatness property of the Novikov ring 7lYo,r] we 
obtain this useful consequence of the above theorem: 

Corollary 9.2. Suppose {r]Ut, [Yq]) > 0. Then for any n> there is a long exact sequence 
■ ■ ■ ^ HF+iYo, [5,];m) ^HF+{Y,s)[t^'] 7^y„,, ^ 

(32) ^ i7F+(r_„,5fc)[t±i] ^nr, T^Yo,, 
where C{t) denotes the ring of Laurent series in t. 

There is a straightforward relationship between the exact sequences f l28l) and fl3ip . 

Proposition 9.3. Let K be a nullhomologous knot in Y and let F : HF~^{Y, s) —>■ HF^{Y_n, Sk) 
and F_ : HF^(Y,s)[t'^^] HF^(Y^n, Sk)[t^^] be the maps appearing in the exact sequences 
(1251) and fl?Tl) respectively. Let Fi be the components of F as in fl2I?]) . Then 

F = ^Ft®t^ 

up to sign and overall multiplication by a power oft. 

Moreover, when k ^ Q or s is nontorsion, for all sufficiently large n the only nonzero terms 
in the above formula are those for which i = or 1. When k = and s is torsion, then the 
same is true for the restriction of F to H F^^^{Y, s) for any fixed grading do of H F^ (Y, s) . 

Proof. The homomorphisms in both sequences are defined by counts of holomorphic trian- 
gles in appropriate Heegaard triple-diagrams, and the stated relationship between F and F 
follows from elementary considerations in these diagrams. Indeed, in notation from JTU\ (see 
also [16]), the map in the twisted sequence can be written as 

F([x,z]) = i^Mmy,z-n,m ■ t-''^^\ 

V'e7r2(x,0,y) 

where the sum is over homotopy classes of triangles ip in a diagram (S, ck, f3, 7, z) describing 
the natural cobordism Y —>■ Y_n. In this situation we are using twisted coefficients on Y_n 
constructed by fixing a reference point r lying on the surgery circle 7^, such that the boundary 
operator in the twisted chain complex for Y^n records (in the power of t) the intersection of 
the 7-component of a holomorphic disk with the subvariety = 71 x ■ ■ ■ x '~fg-i x {r} dT^ C 
Sym^iTj). (This formal device induces trivially twisted coefficients on Y_n-) In the formula 
above, the power n-y{ip) is similarly the intersection of the 7-component of the boundary of 
ijj with V. 
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The first claim of tlie proposition amounts to tlie fact that the power of t appearing 
above determines and is determined by the value {ci{sz{ip)), H(V)) , where H{V) is the 2- 
dimensional homology class of the triply-periodic domain V corresponding to the generator 
of the 2-dimensional homology of the surgery cobordism. This in turn follows easily from 
inspection of the Heegaard triple itself, together with the expression for {ci{sz{il^)), H{V)) 
in terms of data on the Heegaard diagram obtained by Ozsvath and Szabo (Proposition 6.3 
of [Til). 

To see the remaining claims, recall that the homomorphism Fi (corresponding to the spin'^ 
structure on the cobordism with {ci{tk/), [S]) = 2k — (2i — l)n) induces a shift in degree 
given by fl30ll . Hence for i ^ 0,1, the degree of Fi is at least 2n lower than that of Fq or Fi. 
When A; 7^ or s is nontorsion, the group HF^{Y^n,Sk) is finitely generated; hence for n 
sufficiently large, this observation implies that only Fq and Fi can be nontrivial (note that 
for sufficiently large n, HF~^{Y_n,Sk) is independent of n, c.f. [H]). For k = and s torsion, 
the same holds after restriction to a finitely generated subgroup. □ 

9.2. A surface cross a circle - Partially twisted coefRcients. In this section we apply 
the general discussion from the previous section to the case oi Y = j^'^^{S^ x S"^) and 
K = Kg = 7^^5(0,0) with B{m,n) defined in figure [H Let ai be the Seifert surface for Ki 




Figure 1. The knot B{m, n) C L(m, l)#L(ra, 1) with m,n eZ. 

obtained from the obvious disk bounded by -8(0, 0) in Figure[T]by adding two 1-handles where 
the other two components of the Borromean rings intersect that disk. Let a = cTg = #^(Ti 
be the choice of Seifert surface for Kg. It is then not hard to see that Yq = 'Eg x and t 
becomes the Poincare dual of [S^]. For the rest of this subsection and the next, we assume 
9>'2. 

Let 5 be the unique torsion spin'^ structure on Y. Then for n ^ the only spin'^ structure in 
the set [Sk] having nontrivial HF~^ consists of the unique spin'^-structure Sk G Spin'^{'Eg x S^) 
with Ci(5fc) = 2kP.D.{[S^]). We shall only focus on the Novikov ring 71yo,v associated to 

V = P.D.{[S']) 

With these choices of Y,K,a the maps Fq, Fi : HF~^{Y,s) — > HF^{Y_n,Sk) appearing 
in proposition 19.31 have been made completely explicit by the results from [3l [H] . Before 
proceeding we describe these maps. 
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Let US use the shorthand A*^ and A* to denote K'^H^iJlg] Z) and A*H^{Eg] Z) respectively. 
We embed the Z[?7]-module A*®Z[f/, U~^] into a 2-dimensional coordinate system by placing 
A^ f/^ at coordinate {—i,k — g — i). We equip the coordinate plane with a Q-grading 
^ : Q by setting 

(33) gr{i,j)=i + j. 

In this picture the action of U can be thought of as translation by (—1,-1); as usual it 
decreases grading by two. We shall write 

if {condition on(i, j)} 

to denote the various Z[t/] sub- and quotient modules of A* ® Z[[/, U^^] obtained as a direct 
sum over all the terms in the coordinate system which reside at coordinates subject to 
the stated conditions. For example H{i < 0} is the submodule A* ®{U ■ Z[?7]) and H{i > 0} 
is the quotient module A* ® T, where T = Z[U, U-^]/U ■ Z[U]. 
For 0<d<g~lwe define the Z[f/]-module X{g, d) as 

In the notation above, X{g^ d) is isomorphic to 

(34) X(c/, d) = H{i >Q a.nd j < d + I - g} 

as a Z[[/]-module. We shall refer to this identification as the standard embedding of X{g, d) 
into A* eg) Z[f/, f/"^]. We shall encounter "non-standard embeddings"of X{g,d) as well, see 
Theorem 19.41 below. 

It was shown in [H] that for Y = jp'^S^ x S"^ and K = #»fi(0, 0) as above, and n > 0, 
there are A*Hi{'Eg; Z) ® Z[f/]-module isomorphisms 

(35) HF+{Y, s) ^ H{i > 0} and HF+{Y^n, 5k) ^H{i>0 and j > k} 
where the action of A*ifi(Sg; Z) ^ A*Hi{Y; Z) on A'^' (g) is given by 

(36) -fn{a(^U^) = i^a®U^ + {P.D.{-f)Aa)®U^+^ 7 G ^^1(^3; Z), a G A'= 

Here is contraction with 7 and P.D.{'y) is the Poincare dual of 7 taken on S^. By virtue of 
0341) this action induces an action on X{g,d). We shall refer to fl36p as the standard action, 
and use the cap product notation fl to distinguish it from actions of first homology on Floer 
homology that need not be "standard" (we use the "dot" notation for the latter: h.C, for 
heHi,^e HF°). 

To describe the maps Fq, Fi : H{i > 0} H{i > and j > k} (under the identifications 
fl35l) ) we need a bit more notation first. Let ei, . . . , 623 be a symplectic basis for Hi(T,g] Z) and 

set = d A 62 H h 623-1 A 62g e A^Hi{T.g] Z). For a given ^ e A^ define /?Z : A^ -> A^^^ 

as contraction associated to tu, i.e. 

k 

/3Z{ai A ... A ftfc) = '^{-lYuj{ai, /?) ai A ... A A .. A ctfc 
e=i 

where Lj{a£, (3) refers to the natural pairing between homology and cohomology on S^. The 
contraction Z defined this way extends readily to a contraction Z : A™ ® A'^ ^ ^fc-m 
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A ... A /3„)Z(ai A ... A a^) = /3iZ(/32Z(...(/3™Z(ai A ... A a^)...)). Let * : A'^ ^ A^s-'^ be 
the "Hodge- Lefschetz star operator" associated to uj and defined as 

ia = — aZu^ 

where we have by abuse of notation used co to also denote A + ... + e^^~^ A e^^ G A^, 
which is the dual of the symplectic form u from earlier. Here e* G H^{T,g\ Z), i = 1, 2g is 
the dual symplectic basis of Cj G Hi(T,g;Z), i.e. e*(ej) = Let 

TTfc : > 0} ^ H{i > and j > A;} 

7ri>o : A* ® Z[U, U'^] H{i > 0} 

7r,>o : A* ® Z[f/, f/-^] ^ > 0} 

be the natural projection maps and let J : H{i > 0} — H{j > 0} be the map 

J{xU^) = 7r,>o ((-1)'=+^-' exp(2cu[/)Z U'^+^~'') when x G A^ 

where by convention, contraction with f/" is taken to mean multiplication by f/~". With 
this understood, it was shown in [3j that Fq, Fi : H{i > 0} ^ H{i > and j > k} are given 
by 

r TTfc ■,k<0 r, _ j n,o{U~'^J) ■,k<0 

° ~ 1 vTfc o (U-'^ J) ■k>0 ^""^ ^'-\ vr, ■k>0 

With all these preliminaries out of the way and with our notation in place, we now turn to 
the actual calculations of the twisted Heegaard Floer groups of x S^. The adjunction 
inequality implies that for any spin'^-structure s on x which is not among the s^, the 
associated Heegaard Floer groups HF^iJlg x S'^,s;M) vanish (for any coefficient module 
M); the same is true for s = Sk when \k\ > g. The remaining spin^-structures Sk with 
1^1 ^ ^ 1 give rise to nontrivial Heegaard Floer groups as the next theorem explains. 

Theorem 9.4. Pick an integer k with \k\ < g — l. If k ^ choose A to be either L{t) or C{t) 
and if k = choose A = C{t). Then the Heegaard Floer homology groups HF^{T,gXS^ ,5k] A) 
are isomorphic to 

HF+{J:gX S\sk;A)=X{g,d)^A with d = g - 1 - \k\ 

as Z[H\J:g X S'^;Z)] (S)T^'L[U]-modules. The action of A*Hi{T.g;Z) C A*Hi{T.g x S^;Z) on 
X{g,d) is the restriction of the standard action fl36|) under the non-standard embedding of 
X{g, d) into A*H^{Eg; Z) ® Z[U, f/"^] ® A given by 



X ^— s> X 



Proof. The proof of the theorem follows slightly different arguments depending on whether 
k ^ or k = 0. We first address the former. 

Case of k For concreteness let us assume k < 0. Choose A = L{t) for now and 
consider the exact sequence flSTl) . By proposition 19.31 the map F equals Fq + tFi once n 
is chosen sufficiently large (which we assume tacitly throughout). It follows from (130|) that 
degFo = degFi — 2k and thus degFo > degFi when A; < 0. Since Fq is clearly surjective 



48 



STANISLAV JABUKA AND THOMAS E. MARK 



and degFi < degFo we see that F_ is also surjective. Moreover the kernel of F_ is generated 
by elements of the form 



X e H{i > and j < k} 



Notice that the sum '^i>i{—tU~''JYx is finite and thus well defined. Projection onto 
the homogeneous term of highest degree establishes the isomorphism kerF = X{g,d) with 
d = g — 1 — \k\. Since the sequence fl3T]) is equivariant with respect to the Hi(T,g] Z)-action, 
the proposition (for the case k < and A = L{t)) follows. The results with A = C{t) follows 
from the result for L{t) by tensoring with TZyo,^ and using the flatness of 'R.Yo,ri- The case of 
A; > can be proved analogously, or by appeal to conjugation invariance (Theorem 18. 9p . 

Case of k = Consider once more the sequence fl3Tl) and note that upon restriction to a 
given grading we may take F = Fo + tFi according to Proposition [931 The one key difference 
from the case of A; 7^ is that the degrees of Fq and Fi are now equal. 

We begin by showing that F is again surjective: for a given y E H{i > and j > 0} let 



X. 



e H{i > 0} (g) be Xy = TTi>o {^i>o{-tJYy). Then 



F{xy) = 7ro(id + tJ) I 7r,>o 5^(-tJ)'y J = 7ro(id + tJ) I J^i-tJYv ] = Mv) = V 

To determine the kernel of F_ pick a kernel element C = ^0 + ^it + ^2t^ + ... G ker(F). Such 
an element ^ is then subject to the infinite system of equations 

vro(eo) = 
M^k + Ji^k-i)) = 

(37) ; 

The equation 7ro(^o) = implies ^0 ^ H{i > and j < 0}. The second equation determines 
the H{i > and j > 0}-component of ^1 uniquely but imposes no condition on the H{i > 
and j < 0}-component of ^1. The same holds true for all ^fc, A; > 1: 

• The H{i > and j > 0}-component of C,k is determined by ^k~i- 

• The H{i > and j < 0}-component of C,k can be chosen arbitrarily. 

This immediately shows that the kernel of F_ is isomorphic (but not equal!) to H{i > 
and j < 0} ® jC{t). As the above system shows, the isomorphism H{i > and j < 
0} ® C(t) ker(F) C H{i > 0} ® C{t) is given by the £(t)-equivariant map 




□ 
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Remark 9.5. Consider the embedding X {g , d) ^ h*H^{llg;7j)®'^[U,U ^]cg>A/rc)m theorem 



94 



x^x-TTk {tU-^J - {tU-^Jfx + {tU-''Jfx - ...) 

Notice that the induced action by Hiillg) on X{g,d) is standard in the lowest power oft 
but typically has nonzero "correction terms" involving higher powers oft. However, when 
3\k\ > g — 2 then all of the terms {tU^^JY for i > 1 lie in the kernel of vr^ showing that 
in that range the A*Hi{'Eg; Z)-action has no correction terms. This was already observed by 
Ozsvdth-Szabo [T^ in the case ofTL coefficients. 



Remark 9.6. The isomorphism HF^{Tjg x 5*^,3^; A) = Xi^g^ rf) ® A from theorem\9.J\ does 



not extend to the case of k = and A = L{t). With k = and A = L(t) the infinite system 
fl37j) becomes a finite system which terminates with the equation TTo{J{Cm)) = for some 
choice o/m G N. This equation breaks the symmetry of the system and imposes additional 
restraints not satisfied by all elements of the form ttq '^ooi—tJYx with x G X{g, g — l)®L{t) . 

Remark 9.7. It was seen in the proof of the theorem that the homomorphism F : HF^(Y, s; A) 
/7F+(Y1„, Sfc; A) is surjective in all cases, so that HF^{Tj x S^^Sk^A) can be thought of as 
a submodule of HF^{Y,s; A) = H{i > 0} ® A. The latter carries a grading with respect to 
which t E h (= L(t) or C(t) ) carries degree 0, so we can use this to impose a similar grading 
on HF^iJl X 5*^,3^; A) = X{g,d) (8> A. Equivalently, we grade the latter group by lifting 
the natural grading on X{g,d), induced by the standard embedding. This grading lifts the 
relative cyclic grading obtained by forgetting the grading on Ryq in the definition of twisted- 
coefficient Floer homology, and has the property, for example, that homogeneous summands 
are RyQ-submodules. However, it is no longer the case that the action by Hi{Yq) decreases 
degree by 1, or is even homogeneous. We will refer to this alternative grading as the height 
zn HF+{J: X S\sk;A). 

In the next section we will have occasion to consider the relative Ozsvath-Szabo invariant 
of the 4-manifold S x D^, for which the next result is central. 

Theorem 9.8. Consider the cobordism W from x to obtained by removing a small 4- 
ballfrom TigXH"^ . For \k\ < g — 1 letXk ^ Spin^{W) be the unique spin'^- structure on W which 
restricts to Sk onT,gXS^. Ifk = OletA = C{t) and if k ^ choose A to be either L(t) or C{t). 
Then the component of the map '■ HF^{T^g x S^.Sk', A) —>■ HF^{S^)^A induced by (W, tk) 
with image in the lowest-degree part HF^{S^) ^ A is given by projection onto the summand 
of lowest height, corresponding to H{{0, -g)} (g) A = A°/7^(S) (g) [7° (g) A C X{g, d) (g A. 

Proof. We decompose the cobordism W a.s W = Wq U Wi U ... U W2g where Wq is the 
cobordism from Hg x to Y = #^^(5*^ x S"^) obtained by attaching a 0-framed 2-handle to 
the latter along the knot Kg. The orientation on Wo is the one that induces the orientations 
dWo = — (Sg X 5*^) U y on its boundary components. The cobordisms Wi, i = 1, ■■■,2g are 
obtained by the obvious 3-handle additions corresponding to the 2g 1-handles of Y. 

As explained in section 12.21 the map J-'k can be calculated by separately calculating the 
contribution from each of the maps J-'wi induced by Wi (the spin'^-structure on Wi is the 
restriction of Xklw^ which we omit from the notation for simplicity). 

The map J-'wo is just the map from the sequence ( !3T|) . it maps HF^{T,g x S^,5k;A) 
isomorphically onto the kernel of F. The latter kernel was explicitly identified in the proof 
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of theorem 19.41 and equals the image of the embedding of H{i > and j < —\k\}^A ^ 
A* (g) Z[f/"^] (g) A given by 

x^x + Tiki ^{-tU-^jYx j 
\i>i ) 

Indeed, under the identification of HF^{J]g x S^,Sk]A) with H{i > and j < —\k\} ® A 
(theorem 19.41 and this embedding precisely corresponds to the map J-'wo- 

It is a simple matter to see that the homomorphism in Floer homology induced by the 
composition of 3-handle cobordisms #^^5*^ x S*^ — > S''^ is given by projection onto the lowest- 
degree factor (and shifting degree up by g). The result follows from the above description 
of the image of i7F+(S x S\sk]A) in HF+{if^9S^ x S^). 

□ 

9.3. A surface cross a circle - Universally twisted coefficients. We will have need 
for a limited amount of information on the Floer homology of S x S*^ with "universal" 
coefficients, i.e., coefficients in the group ring i?sxsi- Continuing our notation from the last 
section, we let Y be the manifold Y = #^^(5*^ x 5*^). An easy application of Theorem 19.11 
(for surgery on the unknot in and with n = 1) and the connected sum formula for HF~^ 
and Wf (cf. [lU]) yields 

^(#29(^1 X S''),So;Ry) = Z(_,) i7F+(#2s(Si x S^),5o;Ry) = 

where 7^ = Z[U, U^^]/U ■ Z,[U] as before, graded such that the summand of lowest degree 
lies in degree n. Since HF+{#^3^S^ x S^),s; Ry) and HF{#'^9{S^ x S^),s; Ry) are zero for 
all spin'^-structures 5 7^ So, we shall drop the spin'^-structure from our notation. Also, we 
shall drop the 3-manifold from our notation for the knot Floer homology groups whenever 
there is not risk of confusion. 

Lemma 9.9. Let g > 1, set Y = ^"^^{3^ x S^) and let Kg be the nullhomologous knot Kg = 
#^5(0, 0) C Y . Then for j G {—g, ■ ■ ■ , g}, the twisted knot Floer homology HFK{Kg, j; Ry) 
is a free module over Ry having rank {g^j) and supported in degree j, and is zero for all 
other values of j . 

The proof of this lemma relies on a filtered version of theorem 19.11 

Theorem 9.10 (Ozsvath-Szabo [14J). Let K,L G Z be two nullhomologous knots with 
linking number 0. Let Kq, Ki and K^i be the knots in Zq{L), Zi{L) and Z_i(L) induced by 
K where Zf {L) is the result of l-framed surgery on L. Then for any 5 G Spin'^{Z) and any 
Rz-module M there are exact sequence of Rza{L) -modules 

... -> HFK{K,s,j- M)[t±i] ^ HFK{Ko, [s^], j; M[t^']) ^ HFK{K,,5k, j; M)[t^'] ^ ... 

...^HFK{K,5,j;M)[t^']^HFK{K_,,[5k],j;M[t^']) 

□ 

Proof of lemma \9M Lemma im?) follows from repeated applications of theorem l9.10l to various 
triples of knots. Our proof is a straightforward adaptation of the Z-coefficient proof first 
obtained by Ozsvath and Szabo in [13]. We first consider the case of 5^ = 1. 
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The three knots B{oo, 1) B{0, 1) B{1, 1) fit into the positive n surgery sequence 
from theorem 19.101 It is easy to see that B{oo, 1) is the unknot in 5*^ while -6(1, 1) is the 
right-handed trefoiL Thus 

^(i?(oo,l),j) = | 



j = 



and 



Z 



HFK{B{l,l),j] 



(0) 

'(-1) 

'(-2) 





J = l 
j = 

J = -l 

jVo,±i 



where a subscript (n) indicates that the corresponding module is supported in degree n. 
Using these in the surgery sequence leads to 



HFKiBiO,l),j;Rs. 



(-R5ix52)(|) 
(^|ix52)(i) 
(-R5ix5'2)(-i) 





J = l 

j = 

J = -l 

jVo,±i 



In a similar vein using the negative n surgery sequence from theorem 19.101 for the triple 
B{oo,-l) -> 5(-l,-l) 5(0,-1) (and observing that B{-1,-1) is the left-handed 
trefoil) leads to 



r (R 



HFKiBiO,-l),j;Rsi 



J = l 

J = 
J = -l 

jV0,±i 

For our next set of surgery sequences note that -8(0, oo) is the unknot in S*^ x 5*^ and therefore 



i 



(-R|ix52)(-i) 

(-RS'1XS'2)(_3-) 




HFK{B{0,oo),j;Rsr>,s^] 



Z 







; j = o 
; J 7^0 

where Z is the trivial -R^ixs^-niodule. Using the negative n surgery sequence on the triple 
5(0, oo) ^ 5(0,-1) 5(0,0) for j = shows that 5?^(_i)(5(0, 0), 0; i?#2(5ixs2)) = 0. 
The positive n surgery sequence for the triple 5(0, oo) — > 5(0, 0) 5(0, 1) for j = ±1 leads 
to 



HFK{B{0,0),j;R#2^si^s^)) = (i?#2(5ix52))(i) 
while j = yields the sequence 



j=±l 



^ i/Fi^(o)(5(0,0),0;i?#2(5ix52)) ^ (i?J. 



■5ix52j('_i 
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Let Si, S2 be two generators of H^{^^{S^ x 5*^); Z), then we can write the above as 

^ HFK^o){B{0,0),0;R#2(^s^^s^)) ^ Z^[sf\ st']^_i) ^ n4']{-i) ^ 
Notice that / factors through the quotient 

Z'[st\st'] ^ ^Z[sf'] 

Here tt is the map which sends a pair of polynomials {p{si, S2), q{si, S2)) G Z'^[s^^, sf^] 
to S2), S2) G Z^[s^^]. Regarding / as a Z[sf ^]-module homomorphism between 
free Z[s^^] modules we see that ker(/) = Z[s^^] inducing a splitting of the domain of / 
as Z^[s^^] = ker(/) © Z[s^^], the latter two summands generated by pairs of polynomials 
(ai(s2), 0) and (0, 02(52)) with 0^(32) G Z[s^^]. Setting ai(si, S2) = aj(s2), it becomes an easy 
exercise to see that the two pairs of polynomials (ai(si, S2), 0) and (0,02(51,32)) generate 
Z^[sf ^, xf^]. The thus induced splitting of Z^[sf ^, sf^] is respected by vr which shows that 

ker(/) = 7r-i(ker/) = Z[sf\ sf] © ((si - 1) ■ Z[sf\ ]) - 4.(51x5^) 

completing the proof of lemma [9l9] when g = I. The case of g > 1 follows from this and the 
connected sum formula for knot Floer homology [H]. □ 

The results of Lemma 19.91 can be rewritten in a more concise way as follows: let M be 
the free i?-module of rank 2g (with R still denoting Ry)- Then for j = —g, ...,g we have 
HFK{B{0, 0), j; R) = IsJ>+^ M supported entirely in grading j. 

Recall that there is a spectral sequence whose E'^ and E°° terms equal HFK{Kg, j; R) and 
HF{i^'^a(^S^ X S^); R) = Z(_g) respectively. Since the grading of any term in HFK{Kg,j; R) 
equals j, it follows that this spectral sequence collapses after the E"^ term, in particular the 
only nonzero differentials in the spectral sequence are those on the E^ level: 

(38) (9^ : A^+^M ^ A^M i = 0,...,2g-l 
In particular, we infer that the chain complex 

(39) ^ A^^M ^ A^^-^M A^M h A°M ^ 

is a (minimal) free resolution of Z in the category of i?-modules. 

As before, knowledge of the knot Floer homology of Kg allows calculation of the Floer 
homology of large integer surgeries along Kg. 

Proposition 9.11. Choose integers g,n with g > 2 and n 3> 0. Let e : Ry ^ Z be the 

augmentation homomorphism sending each element of H^{Y) to 1. Then 

HF{Yn,S±^g-iy,Ry) ^ %_i) © i?(<,_2) © 

i7F+(F_„,5±(3_i);i?y) ^ A;er(_3+i)(e) ©r_g+2 
HF+{Y_n,Sk;Ry) = 




PRODUCT FORMULAE FOR OZSVATH-SZABO 4-MANIFOLD INVARIANTS 



53 



where the third line is valid for all d < —\k\ and \k\ ^ g — 1. The grading used is the absolute 
Q-grading for HF°{Y±n,3k; Ry) shifted by "~^4^~"^ for convenience. 

Proof. Just as in the case of L{t) coefficients considered previously, we can obtain information 
on the fully-twisted Floer homology of large-n surgeries from the knot complex. To be 
explicit, we have from |14j . 

HF{Y- Ry) = H{i = 0} = H{j = 0} 
HF+{Y;Ry) = H{i > 0} 
HF{Y^,Sk]RY) = H{max{i,j - k) = 0} 
HF{Y_n, Sk, Ry) = H{mm{t, j - k) = 0} 
(40) HF+{Y_^,Sk; Ry) = H{mm{i,] - A;) > 0} 

in the obvious notation. For each of the cases above there is a spectral sequence converging 
to the desired homology coming from the filtration on the knot complex given by i + j; in 
each case the term is the appropriate sub-quotient of HFK{Kg; Ry) ® Z[f/, U~^]. In the 
untwisted case there are no further differentials in this spectral sequence. In the case at 
hand that is no longer true, but for dimensional reasons there can be no differentials past 
d\ 

The latter differential decomposes into "vertical" and "horizontal" components; the ver- 
tical component is from (!38l) and we write dh for the horizontal component. Note that 
in any given row, dh also gives the maps in a free resolution of Z over Ry- See figure [2] for 
an illustration of these concepts. Comparing the homology of C{z = 0} to that of C{z > 0} 




Figure 2. The complexes C{max(z, j-A;) = 0} (left) and C{mm{i,j-i) = 0} 
(center) and C{i = 0} (right) for g = 3 and k = g — 1, i = —g + 2. The vertical 
arrows indicate the nontrivial components dy of d^ while the horizontal arrows 
represent dh- All other d"^ for r > 2 are zero for dimensional reasons. The 
homology of C{i = 0} is '^{-g) occurring at coordinate (0, —g)- 
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one finds that 

(41) ker((9„ : A^M ® U^-^ k^-^M ® U^-'^) = keT{dh : A^' (g) U^-^ A'^+^M ® U^) 

for all £ < and for any k. 

To see that the first isomorphism of the statement holds, we need to compute the homology 
H{ma.x{i,j — g + 1) = 0} (where we have chosen to consider the spin'^-structure Sg_i for 
concreteness) . Since most of C{max(i, j — g + 1) =0} agrees with C{i = 0} (figure [2]), most 
of their homologies agree as well. In fact since C{ma.x{i, j — g + 1) =0 and j < g — 2} = 
C{i = and j < g — 2} we find that 

®d<g-3HF(^d)iYn,Sg_i; Ry) = ®d<g-3HF(^d)iY', Ry) — ^(-g) 

When d = g — 1 the homology of C(d){max(i, j — + 1) = 0} is (with the help of (HTj) ) 

ker {K^-^M ^ A^^^M © (A^ M ® U)) = im (A^M ^ A^-^M) = A^M = Ry 
In the remaining case of d = g — 2 the relevant homology group is 
{Am ® f/) © ker(A»-2M ^ A^-^M) 



im (As- W ^ {A9M (g) f/) © Aa-'^M) 



A^M ®U ^ Ry 



as follows from (I^Tj) . 

To deduce the second isomorphism from the proposition we next calculate the homology 
if{min(i, j + g — 1) > 0} (where we have chosen k = —g + 1). Observe that the portions 
of the complexes C{min(i, j + g — 1) > 0} and C{i > 0} lying in grading gr > —g + 2 are 
isomorphic thus leading to the summand of H{mm{i, j + g — 1) > 0}. In the remaining 

grading —g + 1 we have from (138|) and (!39l) 

i7F+(F_„,5_,+i;i?y) - "^'^ 



Im {d^ © 9/, : A2M © (A^M © f/) ^ A^M) 
A^M 



Im (a„ : A2M ^ A^M) 
= Im (9^ : A^M -> A°M) 
^ ker(e : A°M ^ Z) 

as claimed. Finally, the third isomorphism of the proposition follows directly from (HOl) . □ 



As in the previous subsection, our interest in the fully-twisted Floer homology of x 
is focused on that component that maps nontrivially to the lowest-degree Floer homology of 
under the cobordism S x \B^. To that end, we have the following. 

Theorem 9.12. Assume g > 2 and choose an integer k with \k\ < g — 1. Consider the tail 
portion of the negative n surgery sequence (!3T!) (with n ^ and with grading conventions 
as in proposition \9.11\) 
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where the subscript {—g + 1/2) in the middle term serves merely as a label rather than a 
reference to a grading (except in the case when k = where it coincides with the Q-grading). 
Then 



Lit) ■ \k\^g-l 



Moreover, H is an isomorphism when \k\ ^ g — 1 while in the case \k\ = g — 1, H is the 
quotient map 

Rj^.xs^ ^ L{t) 
induced by a ^ t(«.[^9l> for a E H^^g x S^). 

As previously we shall refer to HF^^j^-^^^^iJlg x S^,Sk; -RsgxsO as the submodule of lowest 
height. 

Proof. The claim of the theorem for \k\ ^ g — 1 follows at once from proposition 19.111 and 
the negative n surgery sequence fl?I]) . 

The same proposition and surgery sequence for k = —g + 1 lead to the exact sequences 

in the lowest degree, and 

^ HF+J^g X S\s.g+l- i?S,X50 ^ L{t)^.g + 2i) ^ L{t)^.g+2E) ^ 

for summands HF^Hg x 5*^, s_g+i; i^^^xsO of non-minimal height h and any £ > 1. We 
conclude from this that 

and since the action of Z[f/] on either side is trivial we also obtain the isomorphism 
HF{T,g X S^S-g+i; i?2gx5i) = HF^{Tjg x S^S-g+i; i^Sgxsi)®^) 

i.e., HF is two adjacent copies of HF^ . Unfortunatly the negative n surgery sequence doesn't 
allow for an effective calculation of HFiJlg x S'^,s_c,+i; -RsgxsO) leads to a nontrivial 
extension problem. However, the positive n surgery sequence fl?Il) for HF in conjunction 
with proposition 19.111 yield the exact sequence 

^ HF^_^^,^{T.g X S\5g.i- Rj,^^s^) -> © i?(,_2) © . ^ 

(where i? = R^2gsixs'^)- It follows from the sequence in HF^ that the last map is an 
isomorphism on the [t^^] factors, and the result follows. 

The case of k = —g + 1 follows a similar argument. □ 
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10. Product Formulae 

We can now piece together the ingredients of the preceding sections to deduce the results 
stated in the introduction. The conceptual plan is reasonably straightforward: if X = 
Mi#sM2 is a fiber sum as in the introduction, then the Ozsvath-Szabo invariants for X are 
given by a pairing between relative invariants for Zi = Mi \ (S x D"^), after perturbing by a 
class 7] G H^{X]'R) that restricts nontrivially to S x S*^, according to Theorem 18.161 

To determine the relative invariants '^Zi,ri of the pieces and obtain a formula for OSx 
in terms of OS Mi, we observe that the Ozsvath-Szabo invariants of the Mj are themselves 
determined by the pairing between '^Zi,rj and the relative invariant of S x D^, again using 
the perturbed version of Floer theory since, even if b'^{Zi) > 0, we have x D^) = and 
Theorem 17.61 need not apply. Hence we need to understand the perturbed relative invariant 
^ExD2,r?, as well as the relevant pairing on Floer homology. 

Now, it is easy to see that the coefficient module for T, x induced by E x (with a 
4-ball removed) is Z[i^(S x D"^)] = L{t), where t G H^(T, x S^;Z) is a generator Poincare 
dual to S X pt. There is little choice in the perturbation on S x D^; namely we take 
7] to be (a positive multiple of the) Poincare dual to the relative class pt x D^, which has 
{t U r], [S X S^]) = 1. Thus the Novikov completion of L{t) with respect to rj is the ring C{t) 
of Laurent series in t. 

Assuming [E] to be (rationally) nontrivial in Mi and M2, we can extend 77 to Mj, and 
consider the relative invariants of the complements Z^. In particular, if }C{Zi, 77) is the module 
for 'JZj:xs'^,ri induced by {Zi,ri), we are interested in the pairing 



HF,{i: X S\s;IC{Zi,r]))(^HF-{-J: x S\s;C{t)) ^/C(M„S x S\7]) 

ei®e2^(r-^(6),6) 

between the perturbed Floer homologies. In fact, more specifically we are interested in the 
homomorphism HF~(T, x S^,s; )C{Zi,r])) /C(Mj, S x 3^,1]) induced by the pairing above 
when ^2 is equal to ^I/sxd^,??, the relative invariant for E x D^. 

Now, it is a simple exercise to see that K{Mi, E x S^) is cyclic, generated by the Poincare 
dual of [E] in H'^{Mi). Since E is assumed to represent a non-torsion class in each of Mi 
and M2, then, we have /C(M(, E x 3^,1]) = C{t). There is a natural surjection 

P ■ ^^^-^ = H\Z,) ^ m{Zi)+H\^xD-) = ^ ^ ^ ^' 

inducing a surjection p : }C{Zi,ri) jCit), and a commutative diagram 

HF,{J: X S'; }C{Zi, 7])) ^ ^'"'^ /C(Mi, E x 5\ 77) = C{t) 

(42) id 

HF-iJ: X S'; Cit)) ^^''(•)'^^x^^-') . c{t) 

(c.f. Lemmas 17.71 and I7.8p . We will see that the arrow on the bottom of this diagram is 
determined essentially uniquely by algebraic considerations. Hence, determining the pairing 
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mentioned above is equivalent to understanding the change-of-coefficient map p*, and the 
relative invariant ^^exd^,??- 

Naturally, we cannot hope to do better than determining these objects up to a unit in 
jC.{t). Since units abound in a power series ring, this is not necessarily sufficient. However, 
we know that all the algebra we must use in the context of Novikov rings is induced from 
corresponding algebra over ordinary group rings: that is, the perturbed case is an obvious 
Novikov completion of the unperturbed case. Since L{t) has many fewer units than C{t), 
this is a useful observation: we work initially in twisted, but unperturbed, coefficients. 

10.1. Relative invariants in case g = 1. Let M be a closed 4-manifold with b~^{M) > 1 
containing a smoothly embedded torus T M with trivial normal bundle. We assume that 
[T] is an element of infinite order in H2{M). Write T x for a tubular neighborhood of T, 
and let Z = M\{T X D^) be the complement of this neighborhood. We wish to understand 
the relationship between the Ozsvath-Szabo invariants of M and the relative invariant of Z. 
If 6"'"(M) = 1, we will be interested in the invariant <©m,Tx51,»;; where rj G if^(M;]R) is a 
class that restricts to T x as a nonzero multiple of the Poincare dual of the relative class 
\pt X D\ 

Recall the following result of Ozsvath and Szabo. 

Theorem 10.1 ([I2])- The twisted Heegaard Floer homology HF^{T^,S] Rt^) is trivial un- 
less s is equal to the unique spin^ structure Sq with Ci(so) = 0. In this case, there is an 
isomorphism 

HF+{T\so]Rt3) = Ti/2 ©ker(£), 

where T1/2 is the Z[U]-module Z[f/, U^^]/U ■ graded so that its homogeneous summand 

of least degree lies in dimension 1/2, and 

e: Rt3= Z[H\T^)] Z 

is the augmentation homomorphism that maps each element of H^{T^) to 1. In the above, 
ker(£) lies in degree —1/2. 

In particular, the reduced Floer homology in the fully-twisted case is H F^^^(T^ , Sq; Rt^) = 
ker(£:), lying entirely in degree —1/2, where Sq is the torsion spin'^ structure. 

Proposition 10.2. Let Z = M \ {T x D"^) he the complement of an essentially embedded 
torus in a ^-manifold as above, and let K{Z) = ker {H'^{Z,dZ) H'^{Z)) as usual, so that 
K{Z) = H\T^)/H\Z). Then H F+ {T^ , Sq; Z[K (Z)]) = if k < -1/2, and there is an 
isomorphism 

HF\i^{T\5^-Z[K{Z)]) ^ ker(£) <^r^^ Z[K{Z)]. 

The change-of-coefficient map : HF^(T^,So]Z[K{Z)]) HF^{T^,5o; L(t)) is given by 
the natural map 

id®p: ker(e) ®r^, Z[K{Z)] keT{e) ®r^, L{t) 

Proof. For an i?7-3-module M, there is a "ffist quadrant" universal coefficients spectral se- 
quence converging to H F~^ {T^ , Sq] M) , whose E2 term is Tor-' {HF^{T^] R^s), M). In par- 
ticular, the group in lowest total degree in the E2 term is 

Tor\HF+{T^; i^^a), M) = HF+{T^; Rtz) ® M = ker(e) ® M. 
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From the structure of the differentials in the spectral sequence this group must survive as 
the lowest-degree part of Eoo, which proves the first statement. 

If p : M — > M' is a module homomorphism then we get a corresponding map of spectral 
sequences, for which the map on the E2 term is id^p on the j = row. The second statement 
of the theorem follows as before, since we consider only the bottom-degree groups. □ 

Note that although the fully- twisted Floer homology for in dimension —1/2 is precisely 
equal to the reduced Floer homology, the same is not true in other coefficient systems (indeed, 
with untwisted coefficients, the reduced Floer homology is trivial). For example, there is an 
isomorphism 

i7F+^/2(T3,So; L{t)) = keiie) ® L(t) = Z © Z © L{t), 

and in this decomposition only the L{t) factor lies in the reduced Floer homology. However, 
there is a natural projection HF^ — >■ HF^^^ for any 3-manifold and any coefficient module. 
When we apply we often implicitly compose with this projection without including it in 
the notation, and hope this will not cause confusion; note that this problem disappears when 
we pass to perturbed Floer homology. 

In the special case K{Z) = H^{T^) (equivalently, the restriction H^{Z) —>■ H^{T^) is 
trivial), we can identify the change-of-coefficient map (in reduced Floer homology) with the 
surjection 

H : ker(£) ^ L{t) 

a(l,l,t) 
a{r,s,t) ^ ^ _ ■ 

Indeed, thinking of T^lK^Z)] = Rrpa as the ring of Laurent polynomials in three variables 
r,s,t, we have that ker(£) is the ideal generated by the three elements r — 1, s — 1, and 
t — 1. In particular, if a(r, s, t) G ker(e), then a(l, 1, t) is divisible by t — 1; the given map is 
uniquely determined up to units in Rt3. 

With this understanding of the change of coefficients in the unperturbed case, we can now 
introduce a perturbation rj. As before, we choose any rj G H'^{M] R) such that the restriction 
of ?7 to X is Poincare dual to pt x D^. To understand the relative invariant '$'j'2~^£,2 ji, 
observe first that HF~^{T^,s; Ai) is trivial for any T^j^s-module A4 unless s = the unique 
spin'^ structure with Ci(so) = 0. Thus from now on we consider only spin'^ structures on M 
that restrict to Sq on T^, which means also that ci{s)\t2xd^ = 0. It is straightforward to see 
that in the fully-twisted case, HF~^{T^,So;TZt3 n) — T^t^ rj, using Lemma [8.31 and Theorem 

mm 

Consider the complement Z = M \ (T^ x D"^) as a cobordism — > by removing a 
4-ball (we still use the symbol Z for this cobordism). In this situation the diagram 
becomes 

F~ 

HF'{S^) ^ HF-{T^;Z[K{Z)]) 




HF-iT';ICiZ,r])), 
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where is the homomorphism induced by the natural inclusion i : Z[K{Z)] }C{Z,1]). If 
K{Z) = H^{T^) (e.g., if the complement of T in M is simply-connected), then in the lowest 
nontrivial degree, it, is a map ker(£) TZj^s. This is induced by the natural homomorphisms 



[x] h 



[x\®lh 



[x ® 1], 



so we can think of as the homomorphism mapping a Laurent polynomial a(r, s, t) G ker(£) 
into the Laurent series ring T^t^,?? by the natural inclusion. 
Consider the diagram 



HF 



(43) 



HF 



HF 




where the upper arrow is a (a, F^2xz)2(0^)), and the middle arrow is 6 i— > (6, \E'2-2x_D2,^?)• 
In the unperturbed case, we have {a, F~2^j-,2{Q^)) = (p*(a), F~(0~)) = (F^2xD2(p*(a)), ©") 
where p=K is the projection to L{t) coefficients. From previous work we know that in L{t) 
coefficients, F^2y^jy2 induces a surjection to L{t). It follows from (the unperturbed analog 
of) (H2l) and Proposition 110.21 that the upper arrow in fHSj) is given by 

a ^ (a,F~2xD2(0")) = H{a), 

where H : ker(e) L{t) is the homomorphism introduced above. 

On the other hand, if we think of a G ker(£) as a Laurent polynomial a(r, s, t) then u(a) = 
a. The coefficient-change map : i/F+(T3; 7^T3,r,) = 7^T3,^ HF+{T^]C{t)) = C{t) is 
necessarily the reduction 6(r, s, t) t-^ 6(1, 1, t), so that p*(z*(a)) = a(l, 1, t). 

Thus, \E'r2xD2,,7(l) is a generator of HF~-^^^^{T^] C{t)), satisfying the property that for 
a(r, s, t) G ker(£:), 

(a,vi>T2xD2,,(l))=//(a) = ^^, 

up to a unit in L(t). Identifying HF^^i^{T^] ^(t)) = ^(t), the diagonal arrow in the preceding 
diagram can be taken to be multiplication by ^^^2x1)2^(1). We conclude: 

Proposition 10.3. The relative invariant \E''r2x_D2 ,^ can be identified with the map A(T^ x 
D"^) HF^{T^,So; C{t)) = C{t) whose value on the element 1 is 

1 

^T2xD2,,;(l) = YZTl 
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up to multiplication by ±t", and which vanishes on elements of K{T'^ x D"^) having nonzero 
degree. 

Let M he a closed ^-'manifold containing an embedded torus T with trivial normal bundle, 
and rj G if^(M;R) a class with jrpTj > 0. Let s be a spin'^ structure on M, and write 
Z = M \ (T X D"^). If (ci(s), [T]) 7^ 0, then the relative invariant z,ri,s (^''^-d the closed 
invariant '^M,Txs^,'q,s both vanish. 

If (ci(s), [T]) = 0, then the relative invariant z,-q,s takes values in the Novikov ring 
IC{Z,r]). Furthermore, the value of the perturbed Ozsvdth-Szabo invariant on a class ai 
with ai e A{Z), a2 E A{T^ x D^), is given up to multiplication by it"" by 

, f rp(^Z7? s(q^i)) if C(2 = ^ 

otherwise, 

where p is the natural map }C{Z, t]) — > C(t) induced by the projection K{Z) K{M, T^) = Z. 

Proof. First, observe that since the Floer homology HF^(T^,So; Ai) is supported entirely 
in degree —1/2 for any 7^7-3 ^-module Ai, the elements of A(T^ x D"^) having nonzero degree 
must act trivially. Thus, only '$x^^£i2^^[l) can be nontrivial. 

If H^{Z) — >• H^(T^) is trivial, then /C(Z, 77) = 7lT3,ri and the result follows from the 
preceding discussion. In the general case, observe that since H F~ {T^ , 5q]TZta = 7^^3,7? is 
free over IZts^t], we have 

HF-{T\5o;IC{Z,r])) = IZr^, ®7^,3,„ ^Z,r]) = IC{Z,r]). 

Likewise, by identifying HF+{T^,So; Z[K{Z)]) with kei (e) ®Z[K{Z)] as in Proposition [TO^l 
it is straightforward to see that the pairing with \E'7-2xd2,,j behaves as indicated. □ 

10.2. Relative invariants in case g > 1. We follow an outline similar to the previous 
subsection; as before, we begin with twisted but unperturbed coefficients. 

Let S M be an embedded surface of square and genus g and s G Spin'^{M) a spin*^ 
structure. We have seen that unless Ci(s)|sx5i is Poincare dual to 2k[ptxS^] with \k\ < g — l, 
the Floer homology HF~^{'E x S^,s;N) = for any i?sx5i-niodule (and similarly after 
perturbation), forcing *i^M,Y:x 3^,^,3 = for such s. Thus we suppose that the restriction of s 
has the indicated form; we write Sk for the spin'^ structure on S x S*^ with Ci(Sfc) = 2k PD[S^]. 

The following are easy consequences of Theorems 19.41 and 19. 8[ 

Lemma 10.4. Let N be a module for Rj^^s^ ■ Then when \k\ = g—l, we have an isomorphism 

HF+J^ X S\sk;N) = HF+{^ x S\s,;iV) = N. 

If Z = M \ X D^) is the complement of a surface representing a class of infinite order 
in H2{M;Z), then the homomorphism 

: X S\5k;nK{Z)]) ^ HF+J^ x S\Bk;L{t)) 

is equal to the projection p : Z[K{Z)] Z[K{M, S x S^)] = L{t). 

Lemma 10.5. Let N be a module for R = -Rsx^i? one? suppose \k\ < g — 1. Then there is 
an isomorphism 

HF+Jj:xS\sk;N) = N^nL{t), 



PRODUCT FORMULAE FOR OZSVATH-SZABO 4-MANIFOLD INVARIANTS 



61 



where HF^^^ denotes the component in the lowest height, and furthermore, this summand 
lies in the reduced Floer homology. Here t G H^{I1 x S^-jZ) is dual to [S] and L{t) is an 
R-module in the usual way. 

In particular, if Z = M \ x D"^) as above then for \k\ < g — 1, 

HF,1^{J: X S\5k;Z[K{Z)]) = L{t), 

and the map : HF^^^{J: x S^,Sk; Z[K{Z)]) HF^^^{^ x S\sk; L{t)) is the identity. 

As in the previous section, "lowest height" refers to the i?sx5i-submodule of the Floer 
homology that maps to the component of lowest degree in the Floer homology of ^"^^S^ x S^. 
The results above follow easily from the fact that for g > 1, 



HF,l,{^xS\5,-R)-!^f^^^ If|fc|<^-1, 



together with formal arguments as in the proof of Proposition 110. 2[ 

Applying a perturbation rj e if^(M;R) restricting as a positive multiple of the Poincare 
dual of [pt X D"^] on S X as before, we obtain: 

Proposition 10.6. For the spin^ structure Sk onJ^x with ci{Sk) Poincare dual to 2k[pt x 
D'^], the relative invariant '^■ExD^.r],Sk linear map A(S x D^) — > HF~{Tj x S^,Sk',C{t)) 
whose value ^E'sxD2,j7,afe(l) ^^es in the summand of maximal height. Furthermore, there is a 
natural identification HFf^p{T, x ,5k; C(t)) = C{t) such that 

up to multiplication by ±t". More generally, if a E A(S x D'^) then '^j]xD^,r],Sk{^) — '^■^> 
where the right hand side makes use of the action of A*Hi(ll x Z) Z[f/] on HF~(E x 

Let Z : ^ X be a cobordism and rj G H^{Z; R) a class restricting to H x as a 
positive multiple of the Poincare dual of pt x . Let s be a spin'^ structure on Z restricting to 
the spin^ structure Sk on x , where \k\ = g — 1. Then z,ri,s takes values in the Novikov 
ring ]C{Z, rj). 

Finally, let M be the closed manifold obtained by gluing S x to Z , and filling in the 
other boundary component of Z by a 4-ball. Extend rj across x and B'^ in the unique 
way to give a class r] G i7^(M;R). For a spin'^ structure s with ci(s)|sxd2 Poincare dual 
to ±{2g — 2)[pt X D^], the value of the perturbed Ozsvdth-Szabo invariant ^M,T.xs^,r),s on 
«! (g) ^2 e ® A(T^ X D"^) is given by 

^M,Ex5i,.,a(«i ® a,) = {t-'^z,,,.M, ^ExZ)^,,a(«2) ) = | ^(^^'"'^(^i)) 'othermlc, 

where p is the natural map IC{Z,r]) C{t) induced by the projection K{Z) i^(M, S x 
S^) ^ Z. 

Proof. We have seen that the homomorphism F^^^^ ^ '■ HF^{llxD'^ ,Sk] L{t)) HF^{S^] L{t)) 
can be identified with the projection of X{g, d) ® L{t) onto the summand having mini- 
mal height. Combining this with the preceding lemmas, we have that for x G HF^iTj x 
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S\5k-,'L[K{Z)]), 

1^ _ 117+ (^\ _ / P(^) if P(^) has minimal height 

i,x,J^^^^,[KJ }) - [x),u ; - I otherwise, 

The analog of diagram ( H3|l with S x 5^ in place of implies that ^E'sxD2,r),Bfe(l) = 
F~^^2 5^(0~) is a class pairing with x to give p(x) when the latter has minimal height, 
and otherwise. It is not hard to see that the pairing between HF~^ and HF~^ can be 
nontrivial only on elements of complementary height, and we have seen that the summands 
in minimal and maximal height in the Floer homology are HF^^^CE x , Sk, C{t)) = C{t) and 
HF^p{T, X S^,Sk; jCit)) = C{t). Hence the £(t)-valued pairing between these groups must be 
given by multiplication of Laurent series (up to a unit in since the pairing is induced 
from the unperturbed situation). The above can therefore be interpreted as the statement 
that ^ExD2,»,,Sfc(l) = 1- 

Since A(S x S^) A(S x D"^) is surjective, the statement ^E'exd^ ,77,3^(0;) = «•! follows 
from the naturality of cobordism- induced homomorphisms under the action of Hi. 

The remaining statements follow from the preceding lemma. □ 

The expression of the relative invariant ^z,'q,s where ci(s)|sxs'i = PD{2k[pt x S^]) with 
\k\ < g — 1 is somewhat more complicated; in principle it may take as a value any element 
of the Floer homology HF~{J1 x S^,Sk] IC{Z,ri)), which in the case at hand is not a cyclic 
module. However, it is still possible to express the relative invariant for Z (after applying 
p) in terms of the absolute invariants for M. To do so, we make use of the structure of the 
Floer homology of S x 5*^ deduced previously. 

First, recall that the graded group X{g,d) is equipped with a "standard" action of 
A*ifi(S) ® Z[U]. In fact, suppose Bg^d = {P} C X{g,d) is a basis for X{g,d) as a free 
abelian group, with each f3 a homogeneous element. Then it is easy to see that there is a 
uniquely determined collection of elements {/?} C A*ifi(S) ® Z[U] (lying in degrees < 2d) 
with the property that /5 fl 7 = ■ 1 for /3, 7 G Bg^d, where fl is the standard action, is 
the Kronecker delta, and 1 denotes a fixed generator in lowest degree for X{g, d). 

We have seen in Theorem 19.41 that there is an isomorphism HF~{11 x ,5k', C{t)) = 
X{g,d) ® jCit), and furthermore that the action of A*ifi(S x S^) ® Zi[f/] agrees with the 
£(t)-linear extension of the standard action to leading order in t (and that the class pt x 
acts trivially). Suppose first that A; 7^ 0, so that the variable t carries a nonzero degree. 
The pairing (-, ■) between HF^ and HF~ is nontrivial only on elements of complementary 
height, and is induced from the untwisted pairing since in our situation the twisting is 
trivial. Writing S for the generator in highest degree given by ^E'Ex_D2,r?,Sfc(l); it follows for 
dimensional reasons that if the degree of (3 is equal to the height of a; G X{g,d), then 

{T~\p.x),E) = {T-\pnx),E) 

(identifying x with x (g) 1 G X{g, d) ® C{t) = HF-{E x S^,5k] C{t))y 

On the other hand, if A; = then corrections to the Hi action (3.x appear in the same 
degree as /? fl x. Since the action is standard to leading order in t, however, we can say that 
for basis elements /?, 7 as previously the action satisfies /3.7 = dp^upit) ■ 1, where up G C{t) 
is monic (in the sense that its constant coefficient equals 1, c.f. Remark 19.51) and hence a 
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unit in C{t) (here we observe that if /3 n 7 = then also /5.7 = 0). When k — 0, then, the 
above becomes 

Now suppose is an element of a given height in HF^(JZ x ^Sk'-, C{t)). Then fixing the 
basis Bg^d = as previously, we can express ^ in terms of by 

where the sum is over basis elements (3 having the degree equal to the height of ^. 
Applying this idea to the case ^ = p(^z,r;,s(<^i)) leads to the following. 

Proposition 10.7. Let M be a closed A-manifold containing an embedded surface S of 
genus g > I and trivial normal bundle, and rj G i/^(M;]R) a class with Jj^rj > 0. Write 
Z — M\{'E X D^), and let s be a spin'^ structure on M restricting to Sk onT: x S^. 

7/0 < < g — 1, then for an element a G A{Z), the reduced relative invariant z,'n,s{oi)) 
is given in terms of a basis {/?} for HF,(J1 x 5"^, Sjk; by 

where {(5} C A(E x D^) are elements dual in the above sense to the basis If k — 0, 

then 

p 

where up G C{t) are units depending only on the basis {j3}. 

In the expressions above, a ® (3 is shorthand for the image of that element under the 
natural map k{Z) ® A(S x D"^) k{M). 

Proof. When k ^ 0, we expand pl^^ z,ri,s{(^)) in the basis (3 as indicated previously: 

p(^Z,r,A»)) = J2(T-\p.p(^z,r,A»))),E).(3 

^ Y,{-^r'^'\r-\p{<i>z,,M))l ^-5) • P 

up to an overall sign and translation by a power of t, where we sum over those (5 whose 
degree is equal to the height of p{^ z,r),s{oi)). The case A; = is identical except for the 
introduction of the elements □ 
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10.3. Fiber sum formulas. A minor technicality in deducing the formulae in the introduc- 
tion is the presence of the orientation-reversing gluing map in the fiber sum construction. 
We will have occasion to refer to the map in Floer homology induced by this diffeomorphism, 
so we make a few basic observations. 

First, if / : y ^ y is an orientation-preserving diffeomorphism of a 3-manifold, we can 
construct the mapping cylinder Cf = {Y x [0, 1]) U/ {Y x {!}) in the usual way, which we 
can view as a smooth cobordism Y Y of oriented manifolds. The action of / on Floor 
homology is by definition the homomorphism Fq^ in Floer homology induced hy Cf. We 
will normally write this action as 

It is easy to see from basic properties of the cobordism maps that if /i e Hi{Y) then for 
X G HF°{Y) we have f^{h.x) = f*{h).f^,{x). In twisted coefficients, there is an isomorphism 
= (/-I)* : Z[H\Y;Z)] Z[H\Y;Z)], and for a e Z[H\Y;Z)] we have f^{ax) = 
f*{o.)f*{x). A similar statement holds in the perturbed case, if Y is equipped with a class 
rji e H^{Y; R) and we take 772 = {f'^Tvi- 

In the case of a fiber sum, we are given two closed 4-manifolds Mi, M2 with embedded 
surfaces Si, E2 of genus g and square 0. Write = Mj \ (Sj x D"^), so that dZi = T, x S^. 
Then we choose an orientation- preserving diffeomorphism between Ei and E2, extending it to 
Ej X by conjugation in the factor. The result is an orientation-reversing diffeomorphism 
/ : dZ2 — > dZi, and the fiber sum is defined tohe X — ZiUf Z2. To make the gluing / more 
explicit, replace Z2 by W2 = Z2 Uid Cf. Then X = Zi Uid W2, and the relative invariants of 
W2 and Z2 are related by "^^^2 = f*^Z2-i according to the composition law. Thus both Zi 
and Z2 naturally take values in HF~{T, x S^) (with appropriate coefficients), while 'ifw2 
takes values in ifF~(-E x S^). 

Note that in certain situations, the above observations are sufficient to determine the 
action of For example, if the genus of E is 1, then the reduced part of HF~(11 x 
S^] L{t)) is isomorphic to Lit)., where t is Poincare dual to the torus E. Since the action of 
/ in cohomology reverses the sign of the latter class, linearity of the induced map in Floer 
homology forces /* : i?F~^(E x 5"^; L{t)) i?F~^(-E x S^; L{t)) to be the conjugation map 
L{t) — > L(t), up to multiplication by ±i". Hence, the same conclusion follows in perturbed 
Floer homology, using a class rj G i7^(E x S*^; M) fixed by /*, e.g., the Poincare dual to [S^]. 
A similar conclusion holds when considering the action of the gluing map in higher genus, 
if we restrict attention to the highest (or lowest) nontrivial heights in the perturbed Floer 
homology. 

The fiber sum formula in the genus 1 case is as follows. 

Theorem 10.8. Let X — Mi#Tj=t2-^2 be the fiber sum of two 4-'manifolds Mi, M2 along 
tori Ti, T2 of square 0. Assume that there exist classes rji G H^{Mi; M), i = 1,2, such that the 
restrictions of rji to Ti x G Mi correspond under the gluing diffeomorphism f : T2 x —> 
Ti X , and assume that ^j,,rji > 0. Let rj G H^{X;'M.) be a class whose restrictions to 

Zi — Mi \ {Ti X D"^) agree with those of rji, and choose spin'^ structures Si G Spin'^{Mi), 
5 G Spirf{X) whose restrictions correspond similarly. Then for any a G A(X), the image 
of ai (8) a2 under the map A(Zi) ® A{Z2) A{X), we have 

p{<i^X,TxS\r,,sH) = (^'^' - t-^^Y <i^MunxS\m,^,M ' <^M2,T2xS\r,2,B2M 

up to multiplication by it". 
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Note that the closed invariants <i^Aii,TixS'^,rii,Si each take values in C{t), where t is the 
appropriate generator of K{Mi,Ti x 5*^), and the multiplication takes place in that Laurent 
series ring. 

Proof. By definition, 

<«^X,Tx5i,»?,s(") = (^"^(^Zi,r,i,si(ttl)),^iy2,r?2,S2(a2)), 

where W2 = Z2U Cf as in the remarks above. Applying p to each side, we see 

Since /*p(^z2, ,r)2,s2('^2)) — p(^Z2,»?2,B2 (0^2))) the theorem follows quickly from this. Proposition 
110.31 and ant i- linearity of (■,■). Observe that the pairing in Floer homology of T x 5*^ can 
only be multiplication, up to ±t", since the modules are cyclic. □ 

The higher-genus case is similarly easy, after some preparatory remarks. Recall that given 
a (homogeneous) basis {Pi} for X{g,d), we obtain a "dual" collection of elements of 
A(S) = A*i7i(S) ® Z[[/]. This dual basis is defined by the condition that PiH^j = 6ij, where 
n is the standard action of A(S) on X{g, d), and it satisfies {T~^{Pj.Pi), S) = 6ijUi, where S 
is the usual topmost generator of HF^{—T, x S^,Sk; jCit)), Pj.Pi denotes the action of A(S) 
on Floer homology, and Ui is a unit in C{t) that equals 1 unless k = 0. Furthermore, the basis 
{(3i} is unique if we specify that it is contained in the subgroup 
Z[U]/U'^-'+^ C A(S). 

If {(3i} is the "Kronecker dual" basis, we can find a "Poincare dual" basis {/?°} for X{g,d), 
namely /3° = /3j fl (1 U"'^), where we think of 1 (g) U^"^ as a topmost generator for the 
Floer homology X{g,d) (g) C{t) = HF^iJl x 5^ s^; We could also say that /?° is 

the leading order part (in t) of except that in our conventions, S is a generator for 

HF-{-T.y<S\sk]C{t)). 

Associated to the basis of course, there is a dual generating a subset of A(S). 

This set satisfies ^° n /?° = ^° n n (1 ® U''^) = 6ij. 

With these conventions in mind, we have the following. 

Theorem 10.9. Let X = Mi^y.i=t,2^2 be the fiber sum of two ^-fnO'^ifolds Mi, M2 along 
surfaces Ei, E2 of genus g and square 0. Let rji, rj2, rj he 2- dimensional cohomology classes 
satisfying conditions analogous to those in the previous theorem, and choose spin'^ structures 
Si, 52, and 5 restricting compatibly as before. If the Chern classes of each spin'^ structure 
restrict to H x as a class other than 2k PD[S^] with \k\ < g — 1 then the Ozsvdth- 
Szabo invariants of all manifolds involved vanish. Otherwise, writing f for the gluing map 
S2 X 5"'^ ^ Si X , we have 

P(^X,Sx5i,7y,s(«)) = X^^Mi,Six5i,r,i,si(ai ® ^) " ^M2,S2 xSi,r,2,B2 ("2 ® /^^ (/^°) ) " W/3 

/3 

up to multiplication by ±t". Here {(3} is a basis for HF^(I1 x S^,Sk', C{t)) associated to a 
basis for X {g , d) , d = g — 1 — \k\, and {(3} and {f3°} are the dual elements o/A(S) described 
above. The elements Up G C{t) are units that are equal to 1 unless k = 0. 



66 STANISLAV JABUKA AND THOMAS E. MARK 

Proof. As in the previous theorem, 

p(*JBx,Ex5i,r,,s(a)) = (^"V(*Zi,r,i,si(ai)),/*P(^Z2,r,2,S2(«2)))- 

Applying Proposition 110.71 this is 

(r^^ ^a5Mi,Six5i,r,i,si(ai (8) A) ■ A, /* X]<*^M2,S2x5i,r,2,S2("2 ® 7j) " 7j) 

* j 

for bases and {7^} whose relationship will be determined momentarily. As before, f^, 
is conjugate-linear in C{t) and the pairing is also conjugate-linear in the second variable. 
Hence the above is equal to 

X^*l^Mi,SixSi,r,i,si(ai ® A) *i^M2,S2x5i,r?2,B2(a2 ® 7j)(^"^(A), /*(7j))- 

Choose the basis {7^} by setting ■jj = f^^{P])] then it is easy to see that (r~^(/5i), /*(7j)) = 
6ijUi3., and 7-,- = fZ^{l3°). The result follows immediately. □ 

Suppose now that each of Mi, M2, and X have fe"*" > 2, so that Theorem 18.161 applies to 
identify the perturbed invariants *JB with the usual Ozsvath-Szabo invariants $. Assume also 
that 5 G Spin^{X) restricts to a nonzero multiple of PD[S'^], i.e., 7^ in the theorem above. 
The coefficient change p sums the coefficients of <©x,sx5i corresponding to spin'^ structures 
differing by rim tori, so since A; 7^ 0, Theorem 110.91 translates to the equation 

E ^x7+nt{0i) r = 5^ $M„.+n.i,(« ® ^) $M2,a2+n2t2 («2 ® f^'in) 

where ti is Poincare dual to the class of Sj in Mj, and t is simultaneously the dual of S in X 
and the formal variable in C{t). The above holds after possibly a multiplication by a power 
of t; thus equating coefficients yields the formula 

ni + 712 = no 

for some fixed integer hq. 

Now, if {(3} is a basis of homogeneous elements, it is not hard to see that are likewise 
homogeneous of complementary degree. Specifically, if deg(/?) = m in X{g,d) C A(S) then 
deg(/3°) = 2(1 — 171 (as usual, (i = (7 — 1 — Thus in the above formula, we have 

deg(ai ® ^) + deg(a2 ® f;\n) = deg(a) + 2^? - 2 - 2|A;|. 

On the other hand, if a spin^ 4-manifold (A^, r) has ,.(^) 7^ for ^ G A{N) then we must 
have deg(^) = d{x). Substituting this in the above and using cr(X) = cr(Mi) + cr(M2) and 
e(X) = e(Mi) e(M2) % - 4 gives 

(44) cl{s) = c?(si + niti) + cl{s2 + ^2^2) + 8|fc|. 

When = 0, of course, changing Si by multiples of ti does not affect the self-intersection 
so that (jH]) holds in that case as well. 

This observation motivates the following "patching" construction producing elements of 
H^{X;Z) (modulo rim tori) from certain pairs of elements in i?^(Mj;Z). We find it easiest 
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to describe this construction in homology rather than cohomology; the cohomological version 
is obtained by Poincare duahty. Suppose, then, that xi G H2{Mi) and X2 G H2{M2) are 
integral homology classes, represented by embedded surfaces also denoted xi, X2, and assume 
that Xj.Sj = m for i = 1,2. Let p : H2{M.j) — > H2{Zi,dZi) denote the composition of the 
natural map H2{Mi) — >■ H2{Mi, Sj x D"^) followed by the excision isomorphism of the latter 
group with H2{Zi, dZi) where Zi = Mi \ intilli x D"^). Consider the long exact sequence for 
X = ZiUq Z2- 

> E2{T. X S^) -> E2{X) H2iZi, dZi) H2{Z2, dZ2) ^ Hi{E x S^) ^ ■ ■ ■ 

The condition on Xj.Sj and the fact that the p(xj) are restrictions of classes on the closed 
manifolds Mj imply that there exists a lift x G H2{X) of {p{xi) , p{x2)) , uniquely determined 
up to the image of H2(J2 x S^). 

Choose the surfaces Xi to intersect Sj x in a collection of normal disks; at the expense 
of increasing the genus of the Xi we may assume that there are exactly \m\ such disks. Then 
removing S j x from each of Mi , M2 and gluing we can obtain a smooth surface representing 
the lifted class x. It is clear that x has x.E = m, and furthermore by using pushoffs of the 
Xi that are disjoint from the normal disks in Sj x we see that the self-intersection of x 
satisfies = + x^. 

Now let Xi * X2 = X + 2eT,, where e is the sign of m. Then the self-intersection of Xi * X2 is 

(xi * X2Y = x\ + x\ + 4|m|, 

and moreover the class Xi * X2 is determined by this condition up to addition of elements of 
i^2(S X S'^)/[S], in other words, up to rim tori. 

The multiplication in Theorem 11.11 is the Poincare dual of this patching construction; the 
proof of that theorem is immediate from Theorem 110.91 and the remarks leading to (14^ . 
Theorem 11.41 follows similarly from Theorem 110.81 

11. Manifolds of simple type 

Corollary 11.21 is an easy consequence of the fiber sum formula. Indeed, if Mi and M2 have 
simple type, then the only contributions to the right hand side of ([3]) are those in which 
«!, 0:2, /3 and (3° have degree zero. Hence a = ai ® 02 also has degree 0, showing that 
p(<©x,s(«)) = unless deg(a) = 0, which is the first statement of the corollary. Furthermore, 
since j3 and /3° have complementary degree in X{g,d), their degrees can both be only if 
1^1 = g — 1, which gives (jl]). 

In the case of a 4-manifold containing a torus of square 0, we have the following analog of a 
result of Morgan, Mrowka and Szabo [7J in Seiberg-Witten theory. Recall that a 4-manifold 
X containing a surface S is said to have A(S)-simple type if all Ozsvath-Szabo invariants of 
X vanish on elements of A{X) lying in the ideal generated by U and ifi(S). 

Proposition 11.1. Suppose X is a closed 4-i^o,nifold with h^{X) > 2 containing a torus 
T G X of self-intersection representing a class of infinite order in H2{X). Then X has 
A{T) -simple type. 

Proof. By Theorem 18.161 we can write 
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for suitable perturbation rj, and we may assume that sIt^xd^ = Sq, the torsion spin'^ structure. 
If a = a' ■ ot is in the ideal generated by A(T), where a' G A{X) and ax G A(T), then we 
can take ai = a' and 02 = ar- But '^T^xD'^,ri,so{(^T) = «T-^r2xD2,r;,so(l)) ^'^^ the relative 
invariant ^'r2xD2,r),so(l) ^i^^ the only nontrivial degree of HF~(T^,5o; C{t)). Hence if 
degttT > we have aT-^T2xD2,r),so(l) — the result follows. □ 

Note that the proof applies also to 4- manifolds with b^{X) = 1, if we consider only the 
perturbed invariant <©x,T3,ry,s relative to the decomposition of X along the boundary of a 
tubular neighborhood of the torus. 

It seems likely that the statements of Corollary 11.21 are true without the sum over spin*^ 
structures differing by rim tori (at least when b'^{X) > 2). At the moment we can prove 
that stronger statement only under the apparently stronger assumption of relative simple 
type, defined here. 

Definition 11.2. A ^-^o-nifold Z with boundary Y = 11 ^ is said to have relative A(E) 
simple type if all nonvanishing relative invariants ^'z,s,r;(«) in the submodule of HF^(11 x 
S^,s;]C{Z,T])) of minimal height. We say Z has relative simple type if furthermore any 
nonvanishing relative invariant '^z,ri,s{c() has deg(Q;) = 0. 

If M is a closed 4-fnanifold containing an essential surface S of square 0, we say M has 
strong A(E) simple type if Z = M \ {T, x D"^) has relative A(E) simple type. 

It is not hard to see that if M has (ordinary) A(S) simple type, then the relative invariants 
of Z = M \ (S X D"^) have the property that z,ri,s{.o)) = unless z,ri,s{.(^) lies in the 
minimal- height summand. The condition of strong A(S) simple type indicates that the 
corresponding statement holds before projecting out rim tori. 

Theorem 11.3. Suppose X = Mi #2^2 is a closed ^-f^o-nifold with b'^{X) > 2 that is 
obtained by fiber sum along an essential surface S of genus g > 1 and square 0. 

(1) Assume that Mi has strong A(S) simple type: then X has A{'E)-simple type. 

(2) Assume furthermore that the complement Z2 = M2 \ (S x D^) has 6+(Z2) > 1, and 
also that the subgroup of H'^{X) generated by the Poincare duals of rim tori is infinite. 
Then 

= unless | (ci (s) , S) | = 2^ - 2 . 

Proof. For (1), suppose X does not have A(S) simple type: that is, there exists (3 G A(S) 
of nonzero degree and an element a G A(X) such that $x,B(a /3) 7^ for some spin'^ 
structure s. Since b'^{X) > 2, we can calculate using the perturbed invariant, relative 
to the obvious decomposition oi X = Zi Usxsi Z2 coming from the fiber sum. That is, for 
an appropriate choice of r}, the nonvanishing invariant appears as a coefficient of the 
expression 

The above is also equal to 

(r"'^zi,,,a(ai), ^Z2,vA(^2 ® 

hence both \E'zi,r7,s(«i) and ^'zi,r;,s(«i ® /?) = /?-^Zi,»7,s(«i) are nonvanishing. These are 
two nonvanishing relative invariants of Zi having different heights, hence Zi does not have 
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relative A(E) simple type. (As in the torus case, this proof applies when b'^{X) = 1 if we 
restrict attention to the perturbed invariants calculated from (S x S^,r]).) 

To prove (2) we choose an admissible cut for X contained in Z2, which is possible 
since h'^{Z2) > 1. As in the proof of Theorem 17.61 write X = Zi U^xsi W Uat V2, where 
WyjV2 = Z2. Suppose that a G A(X) is the image of ai (g) ^2 » as G k{Zi)® k{W)® k{V2). 
Then for any r = 5h E K{X, S x 5*^), we have from fl2Ul) 

Suppose now that h is dual to a rim torus in S x 5^. Since Zi has relative A(S) simple 
type, we may assume F^_^ s(cn) lies in the lowest degree of HF^(T, x S^,Sk] }C{Zi,ri)), where 
Sk = s|sx5i- We can assume PD{ci{Sk)) = 2k\pt x S^] for \k\ < g — 1; suppose \k\ < g — 1. 
Then we have seen that the minimal-height part of HF~{Ti x S^^Sk, }C{Zi,t])) is isomorphic 
to C{t), on which classes dual to rim tori act trivially. Hence the above expression is equal 
to \E'x,s(tt) — that is, ^'x,s+r(tt) = ^E'x,s('^) for any r in the subgroup of iJ^(X) generated by 
the duals of rim tori. Since the latter is an infinite group, we infer from the fact that only 
finitely many spin'^ structures have nonvanishing Ozsvath-Szabo invariant that \E'x.s+r = 
^v,s = 0. ' □ 
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